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eQ@ Q=Wi |RQt \QW p=ta= |=Q@ O}OH |WwQ

utRDrw@ |xm@W VwQ QO pmW|vLvt |=yRQt
�|QDmO |wHWv=O� �|v=DQwo |v=tLQ |Oyt

�Q=}O=DU=� xO=R|iQW= OwtLt
u=yiY= |DavY x=oWv=O 'l}v�t |UOvyt |xOmWv=O

QO |vLvt |=yRQt |wQ Q=Wi |RQt \QW |R=UxO=}B |=Q@ O}OH |WwQ xar=]t u}= QO
pY= w |@=}uwQ@ Q@ |vD@t xm VwQ u}= QO "CU= xOW O=yvW}B utRDrw@ |xm@W VwQ

s}UkD |rO=aDQ}e w |rO=aD CtUk wO x@ |RQt |x]kv |wQ `} RwD `@=D 'CU= 1|yvsyQ@
\=kv R= CaQU |@=}uwQ@ w |RQt XNWt |r=oJ ltmx@ |rO=aD CtUk %CU= xOW

Q}O=kt TBU "OwW|t x@U=Lt Vv=tm \QW R= xO=iDU= =@ R}v |rO=aDQ}e CtUk w 'Qw=Ht
OwW|t KqY= |Qw] w x@U=Lt |@=}u=}t ltmx@ 'RQt Qw=Ht \=kv QO `} RwD `@=D pwyHt
OyO|t u=Wv xOt; CUO x@ |OOa G}=Dv "OwW p=ta= RQt |wQ Q_v OQwt �|r=oJ� Q=Wi xm
KQ] |Oa@ wO Cr=L |=Q@ xOW pL |=yp=Ft "CU= CkO swO |x@DQt R= QwmPt VwQ xm

"OW OvtxQy@ R}v |Oa@xU p�=Ut |=Q@ u=wD|t |DL=Qx@ VwQ u}= R= =t= 'CU= xOW

m rahmani56@me.iut.ac.ir
mahmud@cc.iut.ac.ir

`} RwD `@=D '|@=}uwQ@ 'Q=Wi |RQt \QW 'utRDrw@ |xm@W VwQ %|O}rm u=oS=w
"|rO=aDQ}e `} RwD `@=D '|rO=aD

xtOkt "1
Q=Okt OQ=wt xvwou}= QO 'x}rw= |=yQ=m QO "CU= |r=oJ uOw@ XNWt pO=at 'Q=Wi
|RQt �Q=Wi� |r=oJ w CaQU R= xOW x@U=Lt |rO=aD `} RwD `@=D Q@=Q@ `} RwD `@=D
|}xrtH xm OW O=yvW}B 'OQ=O |O=} R |=]N VwQ u}= xm =Hv; R= "OW|t xO=O Q=Qk

[11]"OwW xi=[= |rO=aD Q}O=kt x@ |rO=aDQ}e sQD u=wvax@
[13w12]OW xO=iDU= |=y|R=Ux}@W |=Q@ |Qo}O |=yVwQ R= |Oa@ C=ar=]t QO
|vD@t xm VwQ u}= QO [14]"OW x�=Q= Qw_vt u}= |=Q@ =yVwQ u} QDpw=ODt R= |m} R}v w
|wQ QO |r=oJ =} CaQU Q}O=kt R= |m} =yvD 'CU= |rO=aDQ}e CtUk Vv=tm Q@
xm@W \=kv |wQ RQt xm CU= |Dr=L |=Q@ =yVwQ u}= s=tD "OW=@ XNWt O}=@ RQt

"OW=@ QkDUt
\=kv |wQ RQt xm |Dr=L QO |OwQw |RQt \QW p=ta= |=Q@ |WwQ 'xt=O= QO
|@=}u=}t |x}=B Q@ xm OW x�=Q= |RQt |r=oJ w CaQU uOw@ swrat =@ 'CU}v xm@W
GvB |UQQ@ =@ [15]"CU= Q=wDU= `} RwD `@=D |rO=aDQ}e w |rO=aD CqtH ?}mQD w
TmwDU= � Q} w=v CqO=at |OOa pL QO CaQU |RQt \QW p=ta= pw=ODt VwQ
xOW xU}=kt sy =@ =yVwQ u}= |Q=O}=B [16]'utRDrw@ |xm@W VwQ R= xO=iDU= =@
'u; QO xm [17]CU= xOW x�=Q= Q=Wi |RQt \QW p=ta= |=Q@ |WwQ u}vJty "CU=
u=wvax@ =Q |RQt \QW u}= u=wD|tv |DQ=@ax@ w OwW|t p=ta= RQt Q@ \UwDt Q=Wi
|RQt \QW p=ta= |=Q@ |WwQ u}vJty [17]"OQm |Ov@xDUO xrW} Q}O |RQt \QW
RQt Q@ \UwDt Q=Wi R}v u; QO xm OW x�=Q= �� xrwr u=} QH |=Q@ �� |HwQN QO Q=Wi
Q=Wi u; R= 1 x@DQt CkO w CaQU 2 x@DQt CkO |=Q=O VwQ u}= "OwW|t p=ta=
x�=Q= xO}J}B |=yRQt Vv=tm |RQt \QW p=ta= |=Q@ O}OH |WwQ ,=Q}N= [18]"CU=

l}t=v}O |xv}tR QO OvtCQOk |WwQ u=wvax@ �utRDrw@ |xm@W� Q}N= |=yxyO QO
|m} R}i |=yxO}OB uOQmpOt QO |@ wN C}kiwt w xOW KQ]t |D=@U=Lt Cq=}U
|RQt \}=QW '|OOa |=yVwQ Q}=U Ovv=t VwQ u}= QO [1]"CU= xOQm ?Um u=} QH
QO xm |RQt \QW u} QDpw=ODt "OvyO|t Q=Qk Q}F-=D CLD =Q VwQ |Q=O}=B w CkO
|R=Ux}@W |=Q@ =Q VwQ u}= w OQ}o|t Q=Qk xO=iDU= OQwt utRDrw@ |xm@W VwQ
x}rw= pmW xJQo "CU= �Vv=tm� 'OR=U|t ?U=vt xO}J}B |=yxUOvy QO u=} QH
CkO V}=Ri= |=Q@ |OOaDt |=yQ=my=Q [2]'CU= pw= x@DQt CkO |=Q=O \QW u}= QO

[5�3]"CU= xOW x�=Q= VRer sOa |RQt \QW
|vLvt |=yxQ=w}O |=Q@ CkO swO |x@DQt R= |RQt \QW u}DUNv xm u; R= TB
|@=}u=}t T=U=Q@ u}kkLt [8w7]"OW xO=O Ow@y@ xt=O= QO VwQ u}= |Q=O}=B [6]'OW x�=Q=
[6]u}W}B VwQ hqNQ@ u; QO xm [9]OvOQm x�=Q= |WwQ RQt |wQ swDvtwt Tvq=@ w
|=Q@ xOW x�=Q= |=yVwQ Qo}O R= "CU= xOW xO=iDU= |@=}u=}t |=Q@ x]@=Q l} R=
uDiQo Q_v QO w |@=}uwQ@ T=U=Q@ xm OQm xQ=W= wo VwQ x@ u=wD|t |vLvt |=yRQt

[10]"OwW|t s=Hv= |rO=aDQ}e sQD
|=yOv}=Qi |R=Ux}@W QO xm Ov=|RQt\}=QW Qo}O R= 'Q=Wi wCaQU |RQt\}=QW
|irDNt |=yVwQ utRDrw@ |xm@W VwQ QO "OvQ}o|t Q=Qk xO=iDU= OQwt |m} R}i
uOw@ XNWt VwQ u}= QO xD@r= "CU= xOW x�=Q= |RQt \}=QW u}= R= xO=iDU= |=Q@

pw�Ut xOvU} wv �
"1392 10 21 VQ}PB '1392 10 9 x}LqY= '1391 8 16 Ci=} QO %M} Q=D
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RQt

\QW
p=ta
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}OH
|W

wQ%OwW|t h} QaD u}vJ |rO=aD `} RwD `@=D w CaQU |=yQ=OQ@
e� =8>>>><>>>>:

(0; 0) � = 0
c (cos((�� 1)�=4); sin ((�� 1)�=4)) � = 1; 3; 5; 7
p2c (cos ((�� 1)�=4) ; sin ((�� 1)�=4)) � = 2; 4; 6; 8

(4)

feq� (x; t) = � � w�
�
1 + 3

c2 e�:u + 9
2c4 (e�:u)2 � 3

2c2 u:u
�

(5)

%R= Ov=CQ=@a Cr=L u}= |=Q@ w� |vRw ?}=Q[

w� =

8>>>><>>>>:
4 9 � = 0
1 9 � = 1; 3; 5; 7
1 36 � = 2; 4; 6; 8

(6)

`} RwD `@=wD R= xO=iDU= =@ R}v 5 |x]@=Q QO p=}U |B wmUwQm =t |=yC}tm u}vJty
%OwW|t x@U=Lt

� =
X
�

f� =
X
�

feq� �u =
X
�

e�f� =
X
�

e�feq� (7)

"c = �x=�t u; QO xm cs = c=
p3 =@ CU= Q@=Q@ pOt u}= QO CwY CaQU

"OwW|t xDWwv p = �c2
s CQwYx@ p=xO}= R=o Cr=L |xrO=at u}vJty

OQwNQ@ |xrLQt QO "OwW|t pL 6VNB w 5OQwNQ@ |xrLQt wO |] 3 |x]@=Q
CQwYx@|rO=aD `} RwD `@=D w `} RwD `@=Dltmx@ 'OQwNQ@ R=TB `} RwD `@=D '�8 |x]@=Q�
\=kv x@ '�9 |x]@=Q� VNB |xrLQt QO Q=Okt u}= TBU w xOW x@U=Lt |rLt

"OwW|t pkDvt 'xOW xDUUo CaQU Q=OQ@ |=DU=Q QO w Qw=Ht
~f� (x; t+ �t) = f�(x; t)� 1

�
[f�(x; t)� feq� (x; t)] (8)

f� (x + e��t; t+ �t) = ~f� (x; t+ �t) (9)

QO xm O=O u=Wv u=wD|t |[=} Q CQwYx@ '7lwmUv= � utB=J \U@ R= xO=iDU= =@
"Ovm|t <=[Q= =Q TmwDU= � Q} w=v CqO=at 'pOt u}= 'M=t OOa uOw@ lJwm CQwY

[23]%OwW|t \@DQt Vt=Q; u=tR =@ 10 |x]@=Q j@=]t |wQu=Qo 'Cr=L u}= QO
� = (� � 1=2)c2s�t (10)

7 w 5 \@=wQ u; QO xm xOW xO=iDU= [24]Q}PB=vsm =QD pOt l} R= Q[=L |UQQ@ QO
%Ovm|t Q}}eD u}vJ

feq� (x; t) = w�
�
�+ �0

�
e�:u
c2
s

+ (e�:u)2

2c4s � u:u
2c2
s

��
(11)

� =
X
�

f� =
X
�

feq� �0u =
X
�

e�f� =
X
�

e�feq�

(12)

|RQt \}=QW "3
|iQ] R= "OvQ=OQwNQ@ |}xS} w C}ty= R= |OOa |=yVwQ |t=tD QO |RQt \}=QW
(fi)C=QP CaQU `} RwD `@=wD 'utRDrw@ |xm@W VwQ QO |rY= |=yQ}eDt uwJ

=Pr w CU= Q=OQwNQ@ |QDxO=U sD} Qwor= R= |r@k |=yVwQ =@ xU}=kt QO xm 'xOW
QO u=} QH Ovv=t 'CU= O=} R =yv; QO Ot=H w p=}U lQDWt K]U xm |r�=Ut |=Q@

[19]"CU= ?U=vt 'pNrNDt |=y\}Lt
|=yxOvR=OQB |wQ utRDrw@ |xm@W VwQ |R=UxO=}B|ovwoJ|UQQ@ =@ u}kkLt
pmW|vLvt |=yRQt =@|}=yu=} QH u=tOv=Q wCkOV}=Ri= |=Q@|}=yQ=my=Q '|m}i=Qo

[20]"Ov=xOQm x�=Q=
|vLvt Kw]U |wQ Q=Wi 2xrW} Q}O |RQt \QW p=ta= |=Q@ |WwQ xr=kt u}= QO
`@=D 'Qw_vt u}= |=Q@ "CU= Q=wDU= |yvsyQ@ pY= w |@=}uwQ@ Q@ ,=U=U= xm xOW x�=Q=
xOW s}UkD |rO=aD Q}e w |rO=aD CtUk wO x@ |RQt |x]kv |wQ |rO=aD `} RwD
\=kv R= CaQU |@=}uwQ@ w |RQt XNWt |r=oJ ltmx@ |rO=aD CtUk &CU=
TBU "OwW|t x@U=Lt Vv=tm \QW R= xO=iDU= =@ R}v |rO=aD Q}e CtUk w 'Qw=Ht
|Qw] w x@U=Lt |@=}u=}t ltmx@ 'RQt Qw=Ht \=kv QO `} RwD `@=D pwyHt Q}O=kt
Q=DiQ |UQQ@ "OwW p=ta= RQt |wQ Q_v OQwt �|r=oJ� Q=Wi xm OwW|t KqY=
"CU= CkO swO |x@DQt R= QwmPt VwQ xm OyO|t u=Wv xOWpL p�=Ut |=]N
utRDrw@ |xm@W VwQ =OD@= xm CU= CQwY u}= x@ xr=kt u}= QO ?r=]t |x�=Q= OvwQ
=yDv= QO 'xOWx�=Q= |RQt \QW pt=m u=}@ R= TB w 'OwW|t xO=O K}[wD Q=YDN= x@

"OwW|t |UQQ@ xOWpL |=yp=Ft

utRDrw@ |xm@W VwQ "2
w xOW pL C=QP CaQU `} RwD `@=D |=Q@ |W@vH |x} Q_v |xrO=at VwQ u}= QO
CUO x@ `} RwD `@=D u}= ltmx@ Q=Wi w CaQU Ovv=t u=} QH |B wmUwQm =t |=yQ}eDt
3�BGK� pOt '|W@vH |x} Q_v |UQQ@ |=Q@ pw=ODt |=ypOt R= |m} "O};|t
x@U=Lt 4Vt=Q; u=tR l} ltmx@ utRDrw@ |xrO=at OQwNQ@ Qorta u; QO xm CU=

[22w21]%OwW|t u=}@ u}vJ w

@f
@t

+ �:rf = �1
�

(f � feq) (1)

`} RwD `@=D feq w CaQU `} RwD `@=D f 'Vt=Q; u=tR � 'xQP CaQU Q=OQ@ � 'u; QO xm
R= |OwOLt |xawtHt R= pmWDt CaQU |=[i l} QO xrO=at u}= "CU= |rO=aD

%OwW|t |U} wvR=@ 2 |x]@=Q CQwYx@ 'fe�g '=yCaQU
@f�
@t

+ e�:rf� = �1
�

(f� � feq� ) (2)

CyH u}t=� =@ Q_=vDt `} RwD `@=D Qou=}@ f�(x; t) � f(x; e�; t) 'u; QO xm
l} QO 3 |x]@=Q CQwYx@ =Q u; 'jwi |xrO=at |OOa pL |=Q@ "CU= CaQU

%Ovvm|t xDUUo s_vt |xm@W

f� (x + e��t; t+ �t)� f�(x; t) = �1
�

[f�(x; t)� feq� (x; t)]

(3)

Q=YDN= |=Q@� Oa@|@ Vt=Q; u=tR Qou=}@ ?}DQDx@ �t w t 'x '� = �=�t u; QO xm
p�=Ut |=Q@ "OvDUy |v=tR s=o w u=tR 'C}akwt Q=OQ@ '�OwW|t xDio Vt=Q; u=tR
pOt u}= QO "OwW|t xO=iDU= 3 |xrO=at pL QO D2Q9 pOt R= ,qwtat |Oa@ wO

84



xO=R
|iQ

W=
OwtL

tw
|v=D

Qwo
|v=t

LQ
|Oy

t u}}aD CQwY QO CU= XNWt uOW |Q=H |xrLQt R= Oa@ f�(xff ) Q=Okt xm
%OQm xO=iDU= f�(xf ) u}}aD |=Q@ 13 |x]@=Q R= u=wD|t f�(xb)

f�(xf ) = f�(xb) + �f�(xff )
1 + �

(13)

CaQU w �(xb) = �b CU=XNWt |r=oJ 'Q_v OQwt RQt |wQ Q@ xb |x]kv QO
%OQm x@U=Lt u}vJ u=wD|t R}v =Q |@} QkD

�ub = (1 + �)uf ��uff

uf = u(xf ); uff = u(xff ) (14)

%s} Q=O 11 |x]@=Q R= xO=iDU= =@ u}=Q@=v@
�feq� (xb) = w�

�
�b + �0

�
e�:�ub
c2
s

+ (e�:�ub)2

2c4
s
� �ub:�ub

2c2
s

��
(15)

%w�� = w� w e�� = �e� xm u}= x@ xHwD =@
feq�� (xb) = �feq� (xb)� 2�0w�

�
e�:�ub
c2
s

�
(16)

|Q=H |xrLQt R= Oa@ xw w xf \=kv QO f�� Q=Okt xm u}= x@ xHwD =@ |iQ] R=
|@=}u=}t R= xO=iDU= =@ w RQt |wQ QO =Q C}tm u}= Q=Okt u=wD|t 'CU= swrat uOW

%OQm x@U=Lt

f��(xb) = f��(xw) + (1��)f��(xf )
�

(17)

"O};|t CUO x@ f��(xb) |rO=aDQ}e VN@ 17 w 16 \@=wQ ltmx@ xH}Dv QO
OwW xO=iDU= |rO=aDQ}e CtUk Vv=tm VwQ R= Zou & He VwQ x@=Wt xJv=vJ

[14]%OQm x@U=Lt =Q f�(xb) |rO=aDQ}e VN@ u=wD|t
fneq�� (xb) = f��(xb)� feq�� (xb)

fneq� (xb) = fneq�� (xb) (18)

xO=iDU= =@ w OwW|t XNWt f�(xb) = feq� (xb) + fneq� (xb) Q=Okt u}=Q@=v@
Q}O=kt u=wD|t ?}DQD u}= x@ "OQw; CUO x@ =Q f�(xf ) u=wD|t 13 |x]@=Q R=
OwW|t QwYD xJv; hqNQ@ |rw "OQw; CUO x@ |RQt \=kv s=tD |=Q@ =Q f� pwyHt
|r=oJ =@ RQt |wQ pY=L |r=oJ Q=Okt 'jwi VwQ x@ pwyHt Q}O=kt |x@U=Lt =@

%OwW|t pta u}vJ pmWt u}= uOQm hQ]Q@ |=Q@ "OQ=O hqDN= Q_v OQwt
u}= |r=oJ Q=Okt 'xf |x]kv QO f� pwyHt Q}O=kt |t=tD u}}aD R= Oa@
u}}aD (xff ) Qw=Ht \=kv O}OH |r=oJ w |RQt |r=oJ R= |@=}u=}t ltmx@ x]kv
(w�) OvQ=O xm |vRw ?}=Q[ x@ xHwD =@ 'xOW x@U=Lt pwyHt Q}O=kt TBU "OwW|t

%OvwW|t KqY= 19 x]@=Q R= xO=iDU= =@
f�(xf ) = f�(xf )� w�P

�2I
w�

��

I = f�j(xf � e�) is not a 
uid nodeg (19)

%u; QO xm
�� =

X
�
f�(xf )��f;int; �f;int =

�b + �
P
� f�(xff )

1 + �
(20)

|RQt \}=QW p=ta= �� Q=Wi w CaQU Ovv=t u=} QH |m} R}i |=yQ}eDt xv �� OvDUy
`} RwD `@=D pwyHt Q}O=kt u}}aD QO |DQ=@ax@ "OQ=O R=}v |QDW}@ CkO x@ 'VwQ u}= QO
QO Q_v OQwt |m} R}i Q}O=kt pwYL Q@ xwqa xm OwW pta u=vJ O}=@ =yRQt |wQ

[5]"OvwW <=[Q= R}v TmwDU= � Q} w=v CqO=at 'RQt |wQ
Q}O=kt 'uOW|Q=H |xrLQt R= Oa@ 'utRDrw@ |xm@W VwQ QO s}v=O|t xm u=vJ
hQ] x@ =yv; CyH w OvQ=O Q=Qk RQt CQw=Ht QO xm p=}U \=kv u}rw= QO f�
"OvwW u}}aD O}=@ |RQt \}=QW ltmx@ w xOw@ pwyHt 'CU= pL |xvt=O pN=O
|oO}J}B R= �� =yRQt Q}=U x@ C@Uv �� |vLvt |=yRQt |=Q@ |RQt \}=QW p=ta=
'RQt R= p=}U \=kv |xrY=i uOw@ Q}eDt Q@ xwqa xm =QJ CU= Q=OQwNQ@ |QDW}@
QO "Ovvm|t jQi Qo}Om} =@ R}v hrDNt \=kv |=Q@ pwyHt `} RwD `@=wD CyH w O=OaD
|@=}uwQO Q@ |vD@t |=yVwQ R= ,qwtat =yRQt xvwou}= |=Q@ utRDrw@ |xm@W VwQ
u}= R= |@}mQD R}v xr=kt u}= QO xOW x�=Q= VwQ [10�7]"OwW|t xO=iDU= |@=}uwQ@ =}
p[=iD VwQ l} utRDrw@ |xm@W VwQ xm =Hv; R= "CU= |yvsyQ@ VwQ w =yVwQ
|=yVwQ R= xO=iDU= 'CU= xDUUo |xm@W l} |wQ utRDrw@ |xrO=at |=Q@ OwOLt

[23]"CU= |k]vt =yQ}eDt |x@U=Lt |=Q@ |@=}uwQ@ =} |@=}u=}t
QO xm@W |x]kv "O} Q}o@ Q_v QO =Q 1 pmW QO xOW xO=O u=Wv |vLvt RQt
xO=O u=Wv xw =@ OQ=O Q=Qk RQt Qo}O hQ] QO xm |}x]kv w xf =@ RQt p=}U CtU
|DQ=@ax@ "Ovm|t `]k xb |x]kv QO =Q RQt x]kv wO u}= |]=@DQ= \N "CU= xOW
|QUm "OvDUy xm@W |=yCyH w RQt `]=kD \=kv 'RQt |wQ xOW XNWt QB \=kv
"� = jxf�xbjjxf�xwj =@ CU= Q@=Q@ OQ=O Q=Qk p=}U |x}L=v QO xm |]=@DQ= \N xQ=B R=
xHwD =@ O}=@ xm CU= pwyHt f�(xf ; t+ �t) Q=Okt 'jwi ?r=]t x@ xHwD =@
|r=oJ� pb XNWt Q=Wi p=ta= 'Q=m u}= R= hOy "OwW XNWt |RQt \QW x@
� utB=J \U@ x@ xHwD =@ "CU= pmW |vLvt RQt |wQ ��b = 3pb XNWt
%OQm s}UkD |rO=aDQ}e w |rO=aD CtUk wO x@ u=wD|t =Q f�(xf ) Q=Okt 'lwmUv=
`@=wD ?}DQD x@ fneq� (xf ) w feq� (xf ) xm f�(xf ) = feq� (xf ) + fneq� (xf )

`} RwD `@=wD u}}aD =@ u=wD|t x]kv Qy QO |DQ=@ax@ "OvDUy |rO=aDQ}e w |rO=aD `} RwD
=Hv; R= "OQw; CUO x@ =Q x]kv u; QO f� Q=Okt '� CyH QO |rO=aD Q}e w |rO=aD

"|vLvt RQt w |a@ Qt |xm@W |Oa@wO Q}wYD "1 pmW
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"""Q@
Q=W

i|
RQt

\QW
p=ta

=|
=Q@O

}OH
|W

wQ

"xm@W QO =yRQt Q=QkDU= pLt w |Oa@wO p=v=m "2 pmW

"|r}rLD pL =@ xU}=kt QO |R=Ux}@W R= pY=L Q=Wi w CaQU p}iwQB "3 pmW

"hrDNt |=yCr=L QO xm@W xR=Ov= ?ULQ@ |@Uv |=]N C=Q}}eD "4 pmW

%Ov=CkO swO x@DQt R= xO=iDU= OQwt |=y|@=} u=}t |t=tD xm u}= x@ xHwD =@
'CU= XNWt |RQt \}=QW R= sy RQt |wQ |r=oJ 'R}v w ub � �ub = O(�2)
u}vJ u=wD|t =Q u; |ak=w Q=Okt w |@} QkD pO=aD `} RwD `@=D u}@ hqDN= u}=Q@=v@

%OR ?} QkD
feq� (xb)� �feq� (xb) = O(�2) (21)

l} xm �� Zou & He VwQ x@=Wt |rO=aDQ}e CtUk |x@U=Lt |=Q@ u}vJty
xOW x�=Q= VwQ OwQ|t Q=_Dv= u}=Q@=v@ "CU= xOW pta �� CU= swO |x@DQt VwQ

"Ovvm|t O}}-=D =Q syt u}= |OOa G}=Dv xm OW=@ CkO swO |x@DQt R= R}v

xOWpL |OOa |=yp=Ft "4
|R=Ux}@W |=yQDt=Q=B 'xm@W |xR=Ov= Q}}eD =@ 'xOWpL |=yp=Ft |=]N |UQQ@ QO
Qo}O |wU R= "Ov=t@ C@=F u=} QH ROrwv} Q OOa xm OvwW|t xO=O Q}}eD |}xvwox@
Vy=m O}=@ R}v sQD u}= C=QF= 'G}=Dv CkO |wQ |Q}PBsm =QD C=QF= R= |Q}oW}B |=Q@
u=wD|t u}=Q@=v@ w xOw@ M=t OOa `@ Qt =@ ?U=vDt |Q}PBsm =QD |=]N [16]"O@=}
|=]N CaQU =@ smCUO O}=@ =]N u}= "OR u}tND O(u2

lb) CQwYx@ =Q u;
x@ xHwD =@ u}=Q@=v@ "O@=} Vy=m Er�x = O(L�2

lb ) = O(N�2) |R=UxDUUo
O}=@ xm@W xR=Ov= Q}}eD s=ovy QO � Q=Okt '10 |x]@=Q w Re = ulbLlb=� |x]@=Q

"OwW xDW=O xov C@=F
|OwQw QO Q=Wi |RQt \QW =@ (L�h) |Oa@ wO p=v=m l} QO u=} QH =OD@= QO
QO u}}=B w q=@ |=yRQt 'Q_v OQwt p=v=m QO "CU= xDiQo Q=Qk |UQQ@ OQwt |HwQN w
QO 2 pmW j@=]t R}v |HwQN w |OwQw |=yRQt w xDW=O Q=Qk xm@W \=kv \Uw
C@=F Q=Wi Ci= l} =@ xUOvy u}= QO u=} QH "OvQ=O Q=Qk xm@W \=kv R= � |xrY=i
|RQt \QW R= xO=iDU= =@ u=wD|t =Q Q=Wi Ci= u}= "OwW|t XNWt p=v=m pw] QO
l} =@ u=} QH u}= |=Q@ |r}rLD pL "OQw; CUO x@ u; |HwQN w |OwQw QO Q=Wi

%OwW|t XNWt 22 |x]@=Q CQwYx@ |wtyU p}iwQB
u(x; y) = u(y) = 4umaxy(h� y)̂i

umax = (Pout � Pin)
8�L h2

P (x) = Pin + (Pout � Pin)
L

x (22)

QO Q=Wi R}v Pout w Pin 'p=}U |wQu=Qo � 'p=v=m RmQt QO CaQU umax u; QO xm
h} QaD Re = umaxh

� CQwYx@ R}v ROrwv} Q OOa "CU= p=v=m |HwQN w |OwQw
"OwW|t

Q=Wi 'xOw@ (L = h = N) pmW |a@ Qt p=v=m 'xOWs=Hv= |=y|R=Ux}@W QO
'xm@W xR=Ov= w ROrwv} Q OOa x@ xHwD =@ |OwQw Q=Wi w Pout = �0=3 |HwQN
pLt x@ xHwD =@� "CU= xOW xDiQo Q_v QO Pin = Pout + 8�0Re�2=N 2 Q@=Q@
w CaQU p}iwQB �"CU= N + 2 CyH Qy QO xm@W \=kv O=OaD =yRQt Q=QkDU=
CUO x@ G}=Dv OwW|t xOy=Wt xm u=vJ &CU= xOW xO=O u=Wv 3 pmW QO Q=Wi
|@Uv |=]N swO sQv C=Q}}eD 4 pmW QO "CU= j@]vt |r}rLD pL Q@ ,qt=m xOt;
|=Q@ "CU= xOW sUQ � w Re hrDNt Q}O=kt QO xm@W xR=Ov= ?UL Q@ CaQU
u=Wv =yQ=Owtv ?}W "Ovm|t Q}}eD 160 =D 5 R= �xm@W xR=Ov=� N Q=Okt Qw_vt u}=
x@U=Lt u}vJ =]N Q=Okt "CU= CkO swO |x@DQt R= xOW p=ta= VwQ xm OyO|t
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xO=R
|iQ

W=
OwtL

tw
|v=D

Qwo
|v=t

LQ
|Oy

t

"|r}rLD pL =@ xU}=kt QO CaQU |=yxirwt C=Q}}eD "7 pmW

"hrDNt |=}=wR QO xOW Gm p=v=m |=Q@ =]N C=Q}}eD Q=Owtv "8 pmW

pL =@ xU}=kt QO CaQU |=yxir-wt C=Q}}eD |ovwoJ w Q=Wi |=yQwDv=m xvwtv |=Q@
xOy=Wt "CU= xOW xO=O u=Wv xHQO 45 x} w=R |=Q@ 7 w 6 |=ypmW QO |r}rLD
|=yQwDv=m OwW|t Qw;O=} "OvQ=OQwNQ@|}q=@CkO R= G}=Dv R}vCr=L u}= QO xm OwW|t
xO=O V}=tv p=v=m pw] |=DU=Q QO Q=Wi |]N C=Q}}eD uO=O u=Wv |=Q@ =yvD 'Q=Wi

"CU= xOW
sUQ hrDNt |=}=wR QO xm@W xR=Ov= ?ULQ@ =]N C=Q}}eD Q=Owtv 8 pmW QO
|@=}uwQ@ R= |W=v |=]N Q]=Nx@hrDNt |=}=wR QO Q=Owtv Cw=iDt?}W "CU= xOW
CaQU |=yQ=OQ@ R= |m} |=DU=Q QO RQt Q@ Owta CyH xHQO 45 |x} w=R QO "CU=
QDl}ORv �2 x@ Q=Owtv ?}W w QDq=@ C=@U=Lt CkO Cr=L u}= QO =Pr w CU= xm@W

"CU=

|Q}oxH}Dv "5
QO 'pmW |vLvt |=yRQt |wQ Q@ 'Q=Wi |RQt \QW p=ta= |=Q@ |WwQ j}kLD u}= QO
|@=}uwQ@ w |yvsyQ@ pY= T=U=Q@ VwQ u}= "CU= xOW x�=Q= utRDrw@ |xm@W VwQ

"xO=iDU= OQwt xm@W w xOWGm p=v=m R= |rm |=tv "5 pmW

"45 x}w=R =@ xOW Gm p=v=m |=Q@ Q=Wi |=yQwDv=m "6 pmW

%CU= xOW

E2 =

vuut 1
N 2

N2X
k=1





u(xk)� uanalytic(xk)
umax





2
(23)

p=v=m l} QO u=} QH 'QDCNU \}=QW QO xOW x�=Q= |RQt \QW uOR lLt |=Q@
CU= xOW |UQQ@ OyO|t p}mWD � |x} w=R ji= =@ u; |RmQt \N xm |Oa@ wO

%OwW|t s=Hv= 24 |xrO=at R= xO=iDU= =@ xr�Ut u}= |r}rLD pL "�5 pmW�
u(x; y) = 4�y(1� �y)umax cos(�)

v(x; y) = 4�y(1� �y)umax sin(�)

P (x; y) = Pin � (Pin � Pout)
L

�x (24)

%u; QO xm
�y = [(y � y0) cos(�)� (x� x0) sin(�)] =h

�x = (x� x0) cos(�) + (y � y0) sin(�) (25)
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wQG}=Dv "CU= xOW s=Hv= hrDNt |=}=wR QO u}vJty w hrDNt ROrwv} Q O=Oa= QO
Q=OQwNQ@ |}q=@ CkO R=xOW x�=Q= VwQ xm OyO|t u=Wv =y|UQQ@ u}= R= pY=L
xOW |UQQ@ |Oa@ wO Cr=L |=Q@ VwQ u}= p=ta= |ovwoJ j}kLD u}= QO "CU=
|=yOQ@ Q=m R= |m} "O=O s}taD |Oa@xU Cr=L x@ =Q u; u=wD|t |DL=Qx@ |rw 'CU=
|Oa@ C=k}kLD QO xm CU= xOQWi |=yQDU@ QO ?PH Ov}=Qi |R=Ux}@W 'VwQ u}=

"OwW|t x�=Q=

|OwQw Q=Wi hqDN= R= |W=v u=} QH 'VwQ u}= CkO |UQQ@ |=Q@ "CU= Q=wDU=
Cr=L wO QO 'CU= OwHwt u; |r}rLD pL xm |Oa@ wO p=v=m l} QO '|HwQN w
|wQ p=v=m |HwQN w |OwQw |=yRQt pw= Cr=L QO "CU= xDiQo Q=Qk |UQQ@ OQwt
VwQ R= xO=iDU= =@ u; |OOa |R=Ux}@W xm swO Cr=L QO w OvQ=Ov Q=Qk xm@W \=kv
OQwt p=v=m 'CU}v |R=Ux}@W p@=k |DL=Qx@ w CU= xO}J}B ,qt=m utRDrw@ |xm@W
=y|R=Ux}@W "CU= xOW xOv=NQJ � xR=Ov=x@ xO=iDU= OQwt |xm@W pN=O QO Q_v

=yCWwv=B
1. super position

Dirichlet boundary condition "2
3. Bhatnagar-Groos-Krook
4. relaxation time
5. collision
6. streaming
7. Chapman-Enskog
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