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|Oa@xU Cr=L QO p=}U pt=L |xrwr
�OWQ= T=vWQ� � =Qw@ |vw}=ty O}aU

�Q=}Wv=O� �pOQO |[DQt
�Q=}Wv=O� |}=W=B |O=yOtLt

p@=@ |v=wQ}Wwv |DavY x=oWv=O 'l}v�t |UOvyt |xOmWv=O

pt=L |xrwr QO |]NQ}e |=yQ=DiQ w �R=RDy=� QDqi |UQQ@ w |R=UpOt x@ Q=DWwv u}= QO
l} ZQi =@ 'sDU}U Q@ sm =L CqO=at "OW Oy=wN xDN=OQB |Oa@xU Cr=L QO p=}U

xOW G=QNDU= Sv=Qo q pY= R= xO=iDU= =@ w |]NQ}e CQwYx@ ?U=vt |}=Hx@=H u=O}t
'u}W}B C=ar=]t QO xOW QmP ?r=]t x@ xHwD =@ '=Q xO}J}B |R=UpOt x@ R=}v Qt= u}= "CU=

l} w VtN wO CQwYx@ =y|}=Hx@=H 'xrwr |Oa@xU CmQL x@ xHwD =@ "OQ@|t u}@ R=
=@ sm =L |�RH C=kDWt p}Uv=Qi}O CqO=at "Ov=xOW |R=UpOt |}xLiYuwQO CmQL

R= xO=iDU= =@ w 'p}O@D |rwtat p}Uv=Qi}O CqO=at x@ RD} Q � |r}=Q VwQ R= xO=iDU=
pL |OOa VwQ x@ |]NQ}e CqO=at TBU "CU= xOW |R=UOa@|@ ?U=vt |=yQDt=Q=B
|xU}=kt w 'xOt; CUO x@ G}=Dv "CU= xDiQo Q=Qk |UQQ@ OQwt u; |W=aDQ= |=yQ=DiQ w xOW
u=O}t x@ xHwD =@ xOWx�=Q= |R=UpOt VwQ CkO R= |m =L '`@=vt QO xOW x�=Q= G}=Dv =@ u;
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p}rLD 'p=}U pt=L |xrwr '�R=RDy=� QDqi 'xrwr |R=UpOt %|O}rm u=oS=w
"|]NQ}e C=W=aDQ= '|Oa@xU

xtOkt "1
Vy=m Ea=@ p=}U |=ywQ}v 'u}}=B |=yCaQU QO xm CQwYu}O@ "OyO|t MQ xR=U
'XNWt OL l} R= QDq=@ |=yCaQU QO =t= "OvwW|t |}xR=U C=W=aDQ= |xvt=O
'CaQU V}=Ri= =@ 'Qo}O CQ=@a x@ &OvwW|t V=aDQ= C} wkD ?Hwt p=}U |=ywQ}v
?Hwt sDU}U QO |ivt |}=Q}t |awv O=H}= w Ovm|t Q}}eD sDU}U |}=Q}t |xYNWt
QO xJv=vJ w O@=}|t V}=Ri= V=aDQ= |xvt=O Cr=L u}= QO "OwW|t u; |Q=O}=B=v
"OwQ|t V}B ?} QND RQt =D sDU}U 'OW=@ xDW=Ov OwHw |}=Q}t |i=m xR=Ov= x@ sDU}U
|Q=}U@ wCU= pYit |FL@t u=} QH pt=L |=yxrwr |Q=O}=B=v |UQQ@ |xr�Ut
C=ar=]t QO "Ov=xDN=OQB xRwL u}= QO hrDNt |=y|UQQ@ w xar=]t x@ u}kkLt R=
|xrwr |[Qa CmQL Q@ sm =L CqO=at [7�3]'p=}U pt=L |xrwr XwYNQO x}rw=
ZwQit Cr=L |=yVwQ R= xO=iDU= =@ w 'G=QNDU= hrDNt |=yVwQ =@ p=}U pt=L
uO=O CUO R= %R= Ov=CQ=@a C=ar=]t u}= R= pY=L G}=Dv "OW pL OwOLt u=tr= w
O=H}= '2hB=y |oN=WwO 'q=@ |i=m |xR=Ov=x@ CaQU |=R= QO sDU}U |Q=O}=B
QO QDqi 'x}rw= |=yV}=tR; QO xD@r= "hrDNt |=yCaQU QO �R=RDy=� QDqi |xO}OB
C=ar=]t QO "Ci=} xaUwD |]N |Q_v |=ypOt wQ u}= R= w OW OwOLt xLiY l}
u=@}DWB Qvi w |}=yDv= sQH =@ p=}U pt=L Q=OQ}oQUm} |xrwr CmQL CqO=at 'Q}N=
|=Q@ p}Uv=Qi}O CqO=at 'xrwr |Q}PB=vVWm ZQi =@ 'u; |] w [8]OW G=QNDU=

[8]"OW KQ]t Ow@ |]NQ}e |UQv}= VW pt=W xm |[Qa CmQL
CiQo Q=Qk |UQQ@ OQwt hrDNt u=mt u}OvJ |=Q@ u=@}DWB Qvi QF= 'xt=O= QO

p=}U pt=L |=yxrwr |Q}oQ=mx@ wCN=vW 'u} wv |=y|SwrwvmD w C=k}kLD VQDUo =@
xJ 'R=o wCiv C=U}U-=D QO "OwW|t Q=OQwNQ@ |QDW}@C}ty= R= RwQx@ RwQ '`}=vY QO
Qo}O w s=N Civ w p=}U p=kDv= |=Q@ ,qwtat =yxrwr R= 'pL=U R= GQ=N xJ w pL=U QO
R}v R=o w `}=t |=yp=}U p=kDv= |=Q@ =yxrwr R= u}vJty [1]"OwW|t xO=iDU= CqwYLt
xHQO C=v=Uwv Q}_v �� hrDNt |]}Lt \}=QW Q}F-=D CLD =yxrwr "OwW|t xO=iDU=
"OvQ}o|t Q=Qk �� p=}U u=} QHCmQL w u}tRCmQL 'xrRrR '|HQ=N w |rN=O CQ=QL
p=}U hQ] R= |U}rw} Qm w RmQt R= R} Qo |=ywQ}v 'p=}U Qw@a ut[ =ysDU}U u}= QO
`=wv= Q}_v '|m}t=v}O w|m}D=DU= |Q=O}=B=vhrDNt |=yxO}OB w OwW|t OQ=w xQ=w}O Q@
Q}_v '|]NQ}e ẁv Qy uO=O Cr=NO =@ [2]"OwW|t O=H}= '1QDqi w |}=Qo =w hrDNt
|xO}J}B w xO=U |=yQ=DiQ '=ysDU}U u}= QO l =m]Y= w |}xR=U |=y|]NQ}e

"OwW|t O=H}= �� p@ wO Ow} QB w ?wW; '|OL pm}U Q}_v �� |]NQ}e
Q}F-=D CLD *Q}PBh=]av= |=yQ=DN=U QO xm CU= l =vQ]N |}xO}OB �R=RDy=� QDqi
u; Ot=U@ 'CU= Q=O}=B=v sDU}U xm u}= Q@ xwqa 'u; QO w ODi=|t j=iD= p=}U |=ywQ}v
Q=OQ}oQUm} |xrwr pt=W =yQ=DN=U u}= "CU}v QiY R}v �xS} w Q=Okt|twywtCtUk�
w |oOvv=Q w |}=tvy=Q |=ywr@=D 'h=QorD |=ys}U '=yu=tDN=U '=t}B=wy 'p=}U pt=L
QO |UQv}= w u=UWm 'p=}U |=ywQ}v u}@ Vvm =QD p}rOx@ QDqi |xO}OB "OwW|t =ypB

pw�Ut xOvU} wv �
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[16]"p=}U pt=L |xrwr l}D=tW "1 pmW

|}xLiYuwQO |}=Hx@=H w xOW xDiQo Q_v QO 3VtNwO CQwYx@ |}=Hx@=H "4
"CU= xOW p=ta=

|R=UpOt u}=Q@=v@ &OwW|t pOt|m} R}i CQwYx@ p=}U |wQ}v wCU= lR=v xrwr "5
"OwW|tv |UQQ@ xrwr pN=O p=}U

w p}Uv=DB |SQv= `@=wD |x@U=Lt |=Q@ '|Oa@xU Cr=L QO |R=UpOt x@ xHwD =@
R= xO=iDU= =@ TBU w &s}W=@ xDW=O =DU=Q xU QO =Q xrwr u=mt Q}}eD `@=wD O}=@ |W@vH
Q=m w |W@vH 'p}Uv=DB |SQv= `@=wD O}=@ 'VvQm � VvD w |}=Hx@=H � VvQm \@=wQ
|=y|}=Hx@=H w |QwLt |}=Hx@=H Qw_vtu}O@ "OwW xDWwv u=mt Q}}eD `@=D ?ULQ@

%=@ CU= Q@=Q@ ?}DQDx@ xrwr hrDNt \=kv |[Qa

u (x; y; z; t) = u0 (x; t)� z @w0
@x
� y @v0

@x
v (x; y; z; t) = v0 (x; t)

w (x; y; z; t) = w0 (x; t) (1)

|xLiY pw] |va} &CU= |}xLiYuwQO |}=Hx@=H |xir-wt u0 (x; t) 'u; QO xm
R= Ov=CQ=@a w0 (x; t) 'v0 (x; t) "CU}v Q@=Q@ xrwr pmW Q}}eD R= Oa@ w p@k |v=}t
|x_Lr QO z w y C=yH QO |FvN Q=D |wQ x]kv l} |wQ |[Qa |=y|}=Hx@=H
|}=Hx@=H � VvQm \@=wQ R= xO=iDU= =@ "CU= xOW ?=NDv= VtN wO CQwYx@ xm t

%R= Ov=CQ=@a =yVvQm '|]NQ}e

Exx = @u
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QO Ov=wD|t sDU}U 'u=@}DWB Qvi u=mt w |DNU x@ xHwD =@ xm OW xO=O u=Wv w
hB=y |oN=WwO QF= QO =} OwW |m}D=DU= |}=Qo =w Q=JO lQwiJ}B |oN=WwO QF=

[9]"OwW QDqi Q=JO xDr=LlD
w [10]CiQo Q=Qk xar=]t OQwt |y@=Wt Q=DiQ R}v |}=yDv= sQH =@ |=ysDU}U |=Q@
|oN=WwO QF= Q@ =Q OwN|Q=O}=B|v=QL@ u=} QH|=yCaQU QO sDU}U xm OW xO=O u=Wv
'|v=QL@ CaQU V}=Ri= =@ "OyO|t MQ QDqi |xO}OB w OyO|t CUO R= hB=y
Oy=wN x=Qty Ot=U@ xHwD p@=kV}=Ri= w xvt=OVy=m =@ xm OyO|t MQ swO|oN=WwO
OwW|t xOy=Wt �l =v@ wW;� xO}J}B |=yCmQL R= =yxv=Wvu}rw= '=yCaQUu}= QO "Ow@
|Oa@xU w|Oa@ wO|]NQ}e|=yQ=DiQ "OW Oy=wNnQR@ |=ypmW Q}}eD RwQ@?@U xm
xrY=L G}=Dv [11]"OW |Q}o}B xOWs=Hv= C=ar=]t |xaUwD =@ p=}U pt=L |=yxrwr
|Oa@ wO |=yCmQL u}= w 'CU= |OL pm}U CQwYx@ sDU}U Q=DiQ xm O=O u=Wv
Q}O=kt |=Q@ |oN=WwO Q=Owtv u}vJty "CU= xDU@=w � QDt=Q=B x@ ,=DOta |Oa@xU w
[12]"OyO|tMQ|Oa@xUC=mQL 'QDq=@|=y� QO xm OWxO=O u=Wv w 'XNWthrDNt
Cr=L QO p=}U pt=L Q=OQ}oQUm} |xrwr |xr�Ut |@ QHD � |Q_v |UQQ@
x=oDUO |R=UxO=}B w |L=Q] w 'xOWKQ]t CqO=at R= xO=iDU= =@ [13]'|Oa@xU
Q=Qk |UQQ@ OQwt Cw=iDt |=yCaQU |=Q@ sDU}U |]NQ}e |=yQ=DiQ 'V}=tR;
|=yOt=U@ u}vJty "OW xO=O u=Wv |rm}U Q=DiQ w |[Qa |}=Hx@=H w CiQo

"CiQo Q=Qk |UQQ@ OQwt |@ QHD � |Q_v Cr=L QO sDU}U ?r=e
|@ QHD G}=Dv =@ =Q CqO=at u}= OwOLt u=tr= |UQQ@ R= pY=L G}=Dv u}kkLt
'|Oa@xU '|Oa@ wO |=yQ=DiQ =yv; [14]"OvOQm |UQQ@ C=ar=]t Qo}O R= pY=L
'OvO=O Q=Qk |UQQ@ OQwt u=} QH hrDNt |=yCaQU |=Q@ =Q |@ wW; w |@ w=vDx@W
[14]"OvDN=OQB |}x]kv l} QLD |wQ}v w R} Q |DNU ?w}a C=QF= |xar=]t x@ R}v w
'|}=yDv= sQH =@ p=}U pt=L Q=OQ}oQUm} |xrwr QO ?wW; C=W=aDQ= |UQQ@ QO
Q=Qk xar=]t OQwt sDU}U |=yQ=DiQ 'xrwr R= |Qw@a p=}U hrDNt |=yCaQU |=Q@
"OW|UQQ@ ?wW;p}rLD w |OLpm}U|=yQ=DiQ '|oN=WwO|=yQDt=Q=B w [15]CiQo
|xrwr |=Q@ CqO=at x@|@=}CUO OvwQ [13]V}=k\UwD xOWs=Hv= |=y|UQQ@ QO
xm |DqO=at x@ |@=}CUO 'Qw_vtu}O@ "CU= xO}J}B Q=}U@ p=}U pt=L Q=OQ}oQUm}
"OUQ|t Q_v x@ |QwQ[ Q=}U@ OvW=@ xDW=O =Q |RQt \}=QW |t=tD x@ s}taD C}r@=k

CmQL CqO=at G=QNDU= w |R=UpOt "2
|WtN C}@rY 'm pw] OL=w sQH 'L pw]x@ Q=OQ}oQUm} |xrwr 'Q=DWwv u}= QO
Q_v QO U |QwLt CaQU w M pw] OL=w sQH =@ xrwr R= |Qw@a p=}U w 'EI
`]kt K]U =@ �f |tHL |r=oJ =@ w xDUw}B p=}U "�1 pmW� OW Oy=wN xDiQo
=@ �p xrwr |tHL |r=oJ u}vJty "CU= |L]U |UQv}= u=tt w AF u=} QH
R= CN=wvm} CaQU =@ p=}U 'xOW ?=NDv= pOt QO xJQo = "CU= Ap `]kt K]U
xrwr |}=Hx@=H 'RmQt R= R} Qo w T}rw} Qm |=ywQ}v OwHw Crax@ =t= Ovm|t Qw@a xrwr
Q=DiQ p}rLD w |R=UpOt |=Q@ xm OUQ|t Q_v x@ pwkat u}=Q@=v@ "CU= nQR@ Q=}U@
QO xOWC}=aQ |=yZQiV}B "OwW xO=iDU= |]NQ}e w nQR@ VvQm u=O}t R= u;

%R= CU= CQ=@a xrO=at G=QNDU= Qw_vtx@ Q=DWwv u}=
"CU}v GRrQ}e =t= 'CU= Q}PB=vsm =QD xrwr R= |Qw@a p=}U "1

"CU= V=WDe= xvwoQy R= =OH w 'C@=F p=}U CaQU "2
"OW=@ nQR@ CU= umtt pmW Q}}eD xJQo = 'OwW|t ZQi lJwm xrwr QO Q=Wi "3
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l}
v=mt

|U
Ovyt "Ovm =[Q= =Q sDU}U8>><>>:

u0 (x; t)

v0 (x; t)

w0 (x; t)

9>>=>>; =
NX
j=1

8>><>>:
aj (t)uj (x)

pj (t) vj (x)

qj (t)wj (x)

9>>=>>; (7)

|=yxrO=at CQwYx@ RD} Q �|r}=Q VwQ QO �|vRw `@=wD w x}=B `@=wD� ZwQit |=yCr=L
|rwvQ@ Qr} w= Q}D CQwYx@ |[Qa |}=Hx@=H ZwQit Cr=L "OwW|t ?=NDv= 9 w 8

%R= CU= CQ=@a sDU}U pw= Cr=L Q=yJ |=Q@ xrY=L G}=Dv w OW ?=NDv=

uj (x) = sin
�
m� 1

2 �
�
x (8)

vj (x) =wj (x) = cos (�jx)� cosh (�jx)

� cos�j l + cosh�j l
sin�j l + sinh�j l

(cos (�jx)� cosh (�jx)) (9)

xO=U |rwvQ@ Qr} w= Q=OQ}o QUl} Q}D |a}@] |=yOt=U@ x@ \w@ Qt xYNWt Q}O=kt
"CU=

=@ w Sv=Qo q CqO=at QO Q=m w p}Uv=DB '|W@vH |SQv= CqO=at |Q=Po}=H =@
|iQat =@ "s}vm|t x@U=Lt =QCmQL CqO=at 7 |xrO=at CQwYx@ pL uDiQo Q_vQO

%OwW|t x@U=Lt sDU}U Oa@|@ CmQL |xrO=at 'Q} R Oa@|@ |=yQDt=Q=B

� = x
L
; �q = q

L
; �p = p

L
; � = �FAF

(�PAP + �FAF )

� =

s
(1� �)EIz2

P

(1 + �) (1� 2�) (�PAP + �FAF )L4

�U 2 = �FAFU 2 (1 + �) (1� 2�)L2

(1� �)EIz2
P

Iz2
P

= Apr2
p; s2

p = APL2

Iz2
P

= L2

r2
p
;

s2
f = AfL2

Iz2
f

= L2

r2
f
; �Iyz =

Iy2
P

Iz2
P

; y2
f = AFL2

Iy2
f

� =
�P Iz2

P
+ �F Iz2

f

(�PAP + �FAF )L2 ; y2
f = AFL2

Iy2
f

(10)

|=y|]NQ}ew|UQv}= '|}=Q}t '|}xR=U|DiUpt=W'Oa@ xUQOCmQL|}=yvCqO=at
|=y|Q=O}=B=v|UQQ@ Qw_vtx@ CqO=at u}= R= "CU= xOW xOQw; 2CUw}B QO '|}xR=U

"OQ@ s}y=wN xQy@ ?wW; w |OL pm}U '=y|oN=WwO Q}_v |]NQ}e w |]N

G}=Dv |x�=Q= w EL@ "4
p}rLD x@ \w@ Qt G}=Dv pt=W pw= VN@ %OwW|t x�=Q= VN@ wO QO Q=m u}= G}=Dv
|UQQ@ sDU}U Ot=U@ w |oN=WwO ẁv u; QO w CU= sDU}U |]N |Q=O}=B
|}xR=U |]NQ}e pt=wa uOQm ^=Lr =@ |=y|Q=O}=B=v p}rLD x@ swO VN@ &OwW|t
|]N |=y|Q=O}=B=v CQw=Ht QO sDU}U |m}t=v}O Q=DiQ u; QO w OQ=O X=YDN=

"OwW|t |UQQ@

"CU= |t=Rr= sDU}U |=yVvQm |x@U=Lt 'sDU}U |WvQm |SQv= |x@U=Lt Qw_vtx@
[17]%R= CU= CQ=@a VvQm � VvD \@=wQ8>>>>>>>>>><>>>>>>>>>>:

�xx
�yy
�zz
�xy
�yz
�zx

9>>>>>>>>>>=>>>>>>>>>>;
=

8>>>>>>>>>><>>>>>>>>>>:

� [(1� �) "xx + �"yy + �"zz]

� [�"xx + (1� �) "yy + �"zz]

� [�"xx + �"yy + (1� �) "zz]
E

2(1+�)"xy
E

2(1+�)"yz
E

2(1+�)"zx

9>>>>>>>>>>=>>>>>>>>>>;

8>>>>>>>>>><>>>>>>>>>>:

"xx
"yy
"zz
"xy
"yz
"zx

9>>>>>>>>>>=>>>>>>>>>>;
� = E

(1 + �) (1� 2�)
(3)

"CU= uwU=wB ?} Q[ � w nv=} pwOt E u; QO xm
Q@=Q@ u; |WvQm |SQv= 'CU= xDiQo Q=Qk x}rw= |=yVvDCLD xrwr xm u}= x@ xHwD =@
|x]@=Q j@=]t xm '(u) sDU}U |W=aDQ= |=yVvD R= |W=v |WvQm |SQv= =@ CU=

[13]%OwW|t x@U=Lt 4

U = 1
2
Z Z

�

Z
�ij"ijdV; i; j = x; y; z (4)

|wQ |Q}op=QoDv= w 4 |x]@=Q |Q}oQ=mx@ w '2 |x]@=Q QO 1 |x]@=Q |v} Ro}=H =@
u}vJty "OwW|t pY=L xrwr |WvQm |SQv= |=Q@ 1 CUw}B |x]@=Q '`]kt K]U
|x]@=Q j@=]t �� p=}U w xrwr |W@vH |SQv= R= pmWDt �� sDU}U |W@vH |SQv=

[18]%OwW|t KQ]t 5

T = 1
2�PAP

LZ
0
v2
pds+ 1

2�FAF
LZ

0
v2
fds (5)

?}DQDx@AF wAP '|Qw@a p=}U w xrwr |tHL |r=oJ?}DQDx@ �F w �P u; QO xm
|[=} Q C=@U=Lt s=Hv= =@ "Ov=xrwr R= |Qw@a u=} QH `]kt K]U w xrwr `]kt K]U
G=QNDU= 1 CUw}B CQwYx@ |W@vH |SQv= |x]@=Q 'K]U |wQ |Q}op=QoDv= w
OwW|t p=ta= u; |=yDv= x@CmQL xR=Ov= 'xrwr Qo}O |=yDv= uOw@ O=R;Crax@ "OwW|t

[18]%OwW|t KQ]t 6 |xrO=at j@=]t u; R= |W=v Q=DU}=B Q}e |wQ}v Q=m xm

W = �
LZ

0

�FAFU
L

2664
�
@u0
@t + U @u0

@x

�
u (x� L)

+
�
@v0
@t + U @v0

@x

�
v (x� L)

+
� @w
@t + U @w

@x

�
w (x� L)

3775 dx (6)

"CU= xrwr pw] L w p=}U CaQU U u; QO xm

pL VwQ p=ta="3
'sDU}U CmQL CqO=at |R=UxDUUo |=Q@ 4RD} Q � |r}=Q VwQ R= 'CtUk u}= QO
Oy=wN xO=iDU= 'Ow@ Oy=wN u=mt w u=tR x@ C@Uv |�RH C=kDWt =@ |DqO=at xm
Oa@ xU QO sDU}U |xDi=}s}taD |=yxYDNt 'CqO=at uOw@ |Oa@xU x@ xHwD =@ "OW
|xrO=at j@=]t R}v u; pL w OW Oy=wN KQ]t qj (t) w pj (t) 'aj (t) CQwYx@
|RQt \}=QW xm OW Oy=wN xO=iDU= |}x}=B `@=wD R= VwQ u}= QO "OwW|t ^=Lr 7
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=yQ=
DiQ

w|
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UQQ
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"U CaQU hrDNt Q}O=kt |=R=x@ Oa@|@ |a}@] Ot=U@ |k}kL Q}O=kt "2 pmW

hrDNt Q}O=kt |=R=x@ �sDU}U Ot=U@� Oa@|@|a}@] Ot=U@|twywt Q}O=kt "3 pmW
"� = 0 145 |=Q@ w U CaQU

"� hrDNt |=yQDt=Q=B |=R=x@ QDqi Oa@|@ CaQU "2 pwOH
swO QDqi pw= QDqi �

12 2 5 082 0 145
12 71 5 598 0 2
13 2 6 231 0 25
13 74 8 293 0 3
14 32 8 918 0 35
14 91 8 862 0 4

OwW|t xOy=Wt "CU= xOW xO=O u=Wv hrDNt |=yCaQU |=R=x@ 'CU= sDU}U
w Vy=m hrDNt |=yCr=L |=Q@ w xOw@ p=}U CaQU Q}F-=D CLD |a}@] Ot=U@ xm

"O@=}|t V}=Ri=
Q}}eD |=R=x@ 'Ov=xDr=LlD hB=y |oN=WwO R= |W=v xm 'swO w pw= |=yQDqi
u}OvJ |=R=x@ swO w pw= |=yQDqi CaQU Q}O=kt 2 pwOH QO "Ovm|t Q}}eD � QDt=Q=B

"CU= xOW x�=Q= �
C=ar=]t QO pw= QDqi CaQU 'Q[=L |xar=]t G}=Dv |HvUQ=@Da= Qw_vtx@
u=vJ "CU= xOW xU}=kt 3 pwOH QO |UQQ@ u}= R= pY=L G}=Dv =@ [13w12]u}kkLt
p@=k |xDmv "OQ=O OwHw C=ar=]t u}= G}=Dv u}@ |@ wN Ck@=]t 'OwW|txOy=Wt xm

|]N p}rLD "1"4
"CU= Q} R |xrO=at CQwYx@ 2 CUw}B QO CqO=at R= l} Qy |]N VN@

[M ] f�qg+ [C] f _qg+ [K] fqg = 0 (11)

u=wD|t 11 |xrO=at |=Q@ l}vwtQ=y pL l} 'l} QLD |wQ}v uwO@ C=W=aDQ= |=Q@
%CiQo Q_v QO

fqg = f�qg ei!t (12)

OOa l} |rm Cr=L QO R}v w CU= C=W=aDQ= xvt=O R= pwyHt |a@=D 9 u; QO xm
|Q=Po}=H =@ "CU= sDU}U |a}@] Ot=U@ u; |twywt VN@ xm 'CU= \rDNt

"O};|t CUO x@ 13 uoty |xrO=at 11 |x]@=Q QO 12 |x]@=Q�
!2 [M ] + i! [C] + [K]

� f�qg = 0 (13)

CUO x@ |OOa CQwYx@ sDU}U |a}@] Ot=U@ '13 |xrO=at |y}O@ Q}e pL =@
%O};|t

det
�
!2 [M ] + i! [C] + [K]

�
= 0 (14)

1 pwOH QO p=}U w xrwr|m} R}i w|UOvy C=YNWt 'sDU}U Q=DiQ|UQQ@ Qw_vtx@
"CU= xOW xO=O

hrDNt |=yQDt=Q=B |=R=x@ sDU}U |xS} w Q}O=kt 'sDU}U Q=DiQ lQO Qw_vtx@
'CU= xOW x@U=Lt Oa@ xU QO CmQL |xrO=at "OW Oy=wN x@U=Lt p=}U CaQU
VN@ l} MU=B \ki |[Qa |=y|}=Hx@=H QO u=Um} \}=QW ?=NDv= x@ xHwD =@ xm
|=yVN@ '1 pwOH C=YNWt |=Q@ "OQm s}y=wN QmP =Q |[Qa |=y|}=Hx@=H R=
xO=O u=Wv 3 w 2 |=ypmW QO ?}DQDx@ 'sDU}U |xS} w Q}O=kt |twywt w |k}kL

"CU= xOW
Q}F-=D CLD xS} w Q}O=kt |k}kL VN@ 'OwW|txOy=Wt 2 pmW QO xm u=vJ
swO |=yCr=L 'xOW xDiQo Q_v QO pw= Cr=L Q=yJ |=Q@ "CU= p=}U |Qw@a CaQU
Q}O=kt CtU x@ 12 21 w 5 091 |=yCaQU |=R= QO ?}DQDx@ sDU}U sQ=yJ w
=yCaQU u}= QO "OyO|t MQ xDr=LlD hB=y |oN=WwO w Ovvm|t CmQL C@Ft
u=Wv 2 pmW QO xm Qo}O |xN=W wO "OyO|t MQ QDqi w xOW |ivt sDU}U |}=Q}t
QF-=Dt xJQo = 'OvwW|tv Q=O}=B=v xm CU= sDU}U Qo}O Cr=L wO x@ \w@ Qt 'xOW xO=O
Ot=U@ Qou=Wv xm xS} w Q}O=kt |twywt VN@ 3 pmW QO "Ov=p=}U CaQU C=Q}}eD R=

"p=}U w xrwr C=}YwYN w |UOvy C=YNWt "1 pwOH
0 443 xrwr pw] 1

6 4 (m) |rN=O Q]k 215 7 (m) |HQ=N Q]k
1167 (kg/m3) xrwr |r=oJ 3999 (kg/m3) p=}U |r=oJ
0 189 (kg/m) xrwr pw] OL=w sQH 40 032 (kg/m) p=}U pw] OL=w sQH
0 0074 (N.m2) |WtN C}@rY 5
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v=mt

|U
Ovyt

"Oa@|@ |=yCaQU |=Q@ sDU}U |v=tR MU=B "5 pmW

|]NQ}e p}rLD "2"4
=Q sDU}U |Q=O}=B OvQO=k |]N |=ypOt =t= 'OW s=Hv= |]N p}rLD p@k VN@ QO
'u}=Q@=v@ "Ovvm h}YwD OyO|t MQ u; QO |oN=WwO xm |v=QL@ CaQU |m}ORv QO
|QwQ[ |]NQ}e |xRwL QO Q=DiQ |UQQ@ 'sDU}U QD`t=H w QDpt=m |UQQ@ Qw_vtx@

"CU=
MU=B w OQ}o|t Q=Qk Q_v Ot |]NQ}e |=yT} QD=t |t=tD |]NQ}e |UQQ@ QO
u}@ w swO w pw= |=yQDqi|m}ORv QO =yMU=B w OwW|t sUQ R=ixLiY Q=Owtv w|v=tR
�|=y|oN=WwO� |=y|Q=O}=B=v CQw=Ht QO =y|UQQ@ u}= "OW Oy=wN |UQQ@ =yv;
|}xR=U |]NQ}e |=yQDt=Q=B QF= =D OW Oy=wN s=Hv= |]N VN@ QO xOW u}}aD
|v=tR MU=B w xOQm ^=Lr =Q |]NQ}e |=yVN@ |t=tD VN@ u}= QO "OwW |UQQ@
=yv; u}@ w swO w pw= |=yQDqi |m}ORv QO =Q =yMU=B w xOQw; =Q R=ixLiY Q=Owtv w

"OQm s}y=wN |UQQ@
w swO w pw= |=yQDqi l}ORv |=yCaQU |=Q@ sDU}U |v=tR MU=B 5 pmW QO
QO sDU}U xm OwW|t xOy=Wt ?5 w hr=5 pmW QO "CU= xOW xO=O u=Wv =yv; u}@
sDU}U |}=Hx@=H |xvt=O |iQ] R= "OyO|t s=Hv= |rm}U |=yQ=DiQ QDqi |m}ORv
|Q=O}=B=v QF= QO xm OwW|t xOy=Wt u}vJty "O@=}|t V}=Ri= QDq=@ |=yCaQU QO

=@ Q[=L Q=m � hrDNt |=yQDt=Q=B |=R=x@ QDqi Oa@|@ CaQU |xU}=kt "3 pwOH
[13w12]|r@k C=ar=]t

�pw= |Q=O}=B=v� pw= QDqi CaQU
�Q[=L Q=m [13] `HQt [12] `HQt

5 082 5 015 5 1 0 145
5 598 6 0 5 6 0 2
8 293 7 332 7 5 0 3
8 862 8 779 8 8 0 4
9 43 9 445 9 4 0 5
10 2 10 01 10 0 0 6

w O=R; � Q=OQ}o x=ox}mD =@ pw= Cr=L Q=yJ Q@ |Qw@a p=}U CaQU QF= "4 pmW
"� = 0 145

pw= QDqi CaQU xm CU= u}= Q[=L Q=DWwv QO xDiQ Q=m x@ |Q_v G}=Dv QO x_Lqt
u; w CU= QDq=@ Qo}O `HQt wO QO xOW x@U=Lt Q}O=kt R= |mOv= 'QDq=@ |=y� QO
R= |WN@ Qo}O u=}@ x@ "CU= sDU}U Q=DiQ QO |}xLiYuwQO CmQL p=ta= R= |W=v
"OwW|t |}xLiYuwQO |}=Hx@=H hQY CU= V}=Ri= p=L QO sDU}U QO xm |SQv=
Q}}eD |=R=x@ 'xDr=LlD hB=y |oN=WwO R= |W=v 'swO w pw= QDqi |=y|Q=O}=B=v
Q}O=kt |=R=x@ swO w pw= |=yQDqi CaQU Q}O=kt 2 pwOH QO "Ovm|t Q}}eD � QDt=Q=B

"CU= xOW QmP � hrDNt
QO "CU= xOW sUQ p=}U Cw=iDt |=yCaQU |=Q@ 5Ov=oQ; Q=Owtv 4 pmW QO
sUQ u; |k}kL VN@ x@ C@Uv sDU}U |xS} w Q}O=kt |twywt VN@ Q=Owtv u}=
xQ=W= sQ=yJ w swO |=yCr=L x@ ?}DQDx@ xm sQ=yJ w swO |=yxN=W "CU= xOW
x@ CaQU V}=Ri= =@ 'u=W|k}kL Q}O=kt xm Ov=sDU}U u}= Q=O}=B=v |=yxN=W 'OQ=O

"Ovm|t CmQL C@Ft Q}O=kt CtU
[13w12]u}W}BC=ar=]t QOpw= QDqiCaQU 'Q[=LQ=mG}=Dv|HvUQ=@Da= Qw_vtx@
xm '�3 pwOH� CU= xOW xU}=kt Q[=L |xar=]t G}=Dv =@ w xDiQo Q=Qk |UQQ@ OQwt

"s}DUy C=ar=]t G}=Dv ?wN j@=]D Oy=W

7



"""|
]N

Q}e
|m

}t=v}
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DiQ

w|
Q=O}=

B|
UQQ

@"p=}U hrDNt |=yCaQU QO sDU}U Q=DiQ C}i}m |UQQ@ "4 pwOH
�U p=}U CaQU sDU}U Q=DiQ ẁv w C}i}m
�U � 5 082 xvt=O Vy=m w Q=DU}=B sDU}U pw= QDqi R= p@k
�U = 5 1 OyO|t CUO R= =Q OwN |Q=O}=B |}xLiY QDqi |x]U=wx@ xrwr
�U = 5 2 Ow} QB V}=Ri= =@ |Oa@xU CmQL
�U = 11 Ow} QB Vy=m w |OL pm}U =@ |}xLiY CmQL

�U = 12 2 OyO|t CUO R= =Q OwN |Q=O}=B |}xLiY QDqi |x]U=w x@ xrwr
�U = 13 2 Ow} QB V}=Ri= =@ |Oa@xU CmQL
�U = 14 |Oa@xU l =v?wW; CmQL

"Oa@|@ |=yCaQU |=Q@ sDU}U R=i xLiY Q=Owtv "7 pmW

'CaQU |m}ORv QO p=}U pt=L |xrwr Q=DiQ QO?r=e |xO}OB "OyO|t u=Wv OwN R=
V}=Ri= Oy=W 'CU= |ivt |}=Q}t xm QDqi O=H}= x@ xHwD =@ "CU= �QDqi� |xO}OB
sDU}U |Q=O}=B Vy=m w |W=aDQ= Q=DiQ uOW pik ?Hwt xm s}DUy sDU}U |SQv=
QO |Qw@a p=}U Cw=iDt \}=QW |=R= QO sDU}U hrDNt |=yQ=DiQ "OW Oy=wN

"CU= xOW QmP 4 pwOH
|=yDv= uOw@ O=R; w p=}U CaQU� xOvvmQ=O}=B=v pt=wa 'u}}=B |=yCaQU QO
Qo}O hQ] R= �|}xR=U |=y|]NQ}e� xOvvmQ=O}=B pt=wa w hQ] l} R= �xrwr Qo}O
s_v p=}U CaQU V}=Ri= =@ =t= "s}DUy |v}@V}B p@=k Q=DiQ Oy=W w Ov=pt=aD QO
|=yCmQL Oy=W|}=Hx@=H |xvt=OV}=Ri= Q@ xwqa w O@=}|tVy=m sDU}U |Q=DiQ

"Oa@|@ |=yCaQU |=Q@ sDU}U R=ixLiY Q=Owtv "6 pmW

|ivt |}=Q}t xm CmQL ẁv u}= &OwW|t pik xLiY l} QO sDU}U V=aDQ= QDqi
Oy=wN sDU}U ?} QND ?Hwt =Q} R 'OW=@ xDW=O xt=O= O=} R COt |=Q@ O}=@v CU=

"OW
p@=k =yv; u}@ w QDqi l}ORv |=yCaQU |=Q@ R=ixLiY Q=Owtv 6 pmW QO
Cw=iDt hrDNt |=yCaQU QO |Q=DiQ s_v 'OwW|t xOy=Wt xm u=vJ "CU= C} wQ
Oa@|@ CaQU QO "OwW|t xOy=Wt ?wW; w |OL pm}U Q}_v |}=yQ=DiQ w CU=

"OyO|t RwQ@ |v}@V}B p@=kQ}e Q=DiQ w CU= l =v@ wW; sDU}U Q=DiQ 8 5
|Y=N |=yQ=DiQ QDqi l}ORv w QDW}@ 'QDsm |=yCaQU QO sDU}U |rm Qw]x@
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|U
Ovyt u}}=B |=yOw} QB QO Q=DiQ swO w pw= QDqi u}@ xm |DQwY QO 'CU= |v}@V}B p@=kQ}e

"Ovm|t u=Uwv
xOW sUQ p=}U Oa@|@ |=yCaQU |=Q@ sDU}U |oN=WwO Q=Owtv 8 pmW QO
l} |=Q=O sDU}U 6 8 R= QDsm |=yCaQU QO OwW|t xOy=Wt xm u=vJ "CU=
|=yCaQU QO "CU= 1 Ow} QB QO sDU}U Q=DiQ w CU= xQ=mv=wB `]kt QO Q=Okt
QO |t_v|@ Oy=W w CU= |}q=@ Q=}U@ |=yOw} QB QO sDU}U Q=DiQ R}v 13 R= QDq=@

"s}DUy sDU}U

|Q}oxH}Dv "5
Cr=L QO p=}U pt=L |xrwr |R=UpOt |=Q@ ?U=vt w xO=U |WwQ Q=DWwv u}= QO
VvQm \@=wQ w |Oa@xU |}=Hx@=H u=O}t R= |R=UpOt |=Q@ "OW x�=Q= |Oa@xU
w |m}t=v}O |=yxO}OB R= |Q=}U@ CU= QO=k xm xOW xO=iDU= |]NQ}e |}=Hx@=H
QUl} |xrwr QO xm OyO|t u=Wv xrY=L G}=Dv "Ovm K} QWD =Q |]NQ}e |W=aDQ=
O@=}|t Vy=m '|Qw@a p=}U CaQU V}=Ri= QF=Q@ sDU}U |Q=O}=B 'p=}U pt=L Q=OQ}o
CaQU C=Q}}eD u}vJty "OwW|t O=H}= QDqi |xO}OB XNWt |=yCaQU QO R}v w
x} Q_v u}= G}=Dv "OwW|t sDU}U Ot=U@ �Vy=m w V}=Ri=� C=Q}}eD ?Hwt p=}U
xO=iDU= |Oa@xU p}rLD R= xr=kt u}= QO "OQ=O C=k}kLD Qo}O G}=Dv =@ |O=} R j@=]D
OQ=O |rw@k p@=kCkO Oa@ wO wl} QO xOW s=Hv= |=yQ=m =@ xU}=kt QO xm 'CU= xOW
|}xLiYuwQO |}=Hx@=H p=ta= "Ovm|t Q}PBu=mt= Oa@ xU |=Q@ =Q |UQQ@ \}=QW w
G}=Dv "OwW|t QDqi |=yCaQU QDj}kO |x@U=Lt w '=yMU=B CkO V}=Ri= ?Hwt
CQwYx@ sDU}U Q=DiQ swO QDqi R= QDsm |=yCaQU QO xm CU= u; Qou=Wv xrY=L
swO QDqi R= QDW}@ |=yCaQU QO =t= 'CU= hrDNt |=yOw} QB =@ |OL pm}U
xOW KQ]t |x} Q_v u}vJty "CU= |v}@V}B p@=kQ}e ,qt=m w s_v|@ sDU}U Q=DiQ
R= xO=iDU= =@ 'xOW KQ]t p=}U pt=L Q=OQ}o QUl} |xrwr |=Q@ X=N Qw]x@ xm
QUwO 'xO=U QUwO Q}_v |RQt \}=QW Qo}O x@ s}taD C}r@=k 'ZwQit |=yCr=L

"OQ=O =Q xO=U QUl} � Q=OQ}o QUl} w Q=OQ}o

"p=}U u=} QH Oa@|@ hrDNt |=yCaQU |=Q@ sDU}U |oN=WwO Q=Owtv "8 pmW

"OwW|t l =v?wW; |xk]vt OQ=w sDU}U ,=Lq]Y= w s}DUy |v}@V}B p@=k Q}e
xOW xO=O u=Wv 15 w 14 Oa@|@ |=yCaQU |=Q@ R=ixLiY Q=Owtv 7 pmW QO
CQwYx@ sDU}U Q=DiQ 'QDq=@ w 14 CaQU |=Q@ OwW|t xOy=Wt xm u=vJ &CU=
sDU}U w O@=}|t V}=Ri= CaQU V}=Ri= =@ |[Qa |}=Hx@=H xD@r= "CU= ?wW;
|oN=WwO w|v=QL@CaQU R= QDq=@ =yCaQU u}=|t=tD "OQ=O |QDW}@ |Q}PBh=]av=
hB=y |oN=WwO R= p@k sDU}U 'QDsm |=yCaQU QO xm |r=L QO 'CU= hB=y
'OUQ|t |t�=O u=Uwv Cr=L x@ x}rw= Q=O}=B Cr=L R= CaQU Q}}eD =@ w xOw@ Q=O}=B

"OwW|t xDio |OL pm}U u; x@ xm
u=Wv OwN R= |Y=N |=yQ=DiQ QDqi l}ORv |=yCaQU QO sDU}U |rm Qw] x@
=@ 'CU= QDqi CaQU |m}ORv QO p=}U pt=L xrwr Q=DiQ QO ?r=e xO}OB "OyO|t
uOW pik ?Hwt xm s}DUy sDU}U x@ |SQv= uOW xOwRi= Oy=W QDqi O=H}= x@ xHwD
QO sDU}U hrDNt |=yQ=DiQ "OW Oy=wN sDU}U |Q=O}=B Vy=m w |W=aDQ= Q=DiQ
4 pwOH QO xm u=vJ "CU= xOt; 4 pwOH QO |Qw@a p=}U Cw=iDt \}=QW |=R=
w QDs_v|@ sDU}U Q=DiQ 'swO QDqi R= QDq=@ |=yCaQU |=Q@ 'OwW|t xOy=Wt

=yCWwv=B
1. Flutter
2. Hopf bifurcation
3. double bending
4. Rayleigh - Ritz
5. Argand diagram
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