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CUO x@ 5 |x]@=Q R= |Q=DiQ CqO=at 'OW=@ |[Qa l}B wQDwR}= 'l} QDmr=wR}B

%O};|t8>>>>><>>>>>:
�z
��
�x
�zx

9>>>>>=>>>>>; =

2666664
C11 C12 C13 0
C12 C22 C23 0
C13 C23 C33 0
0 0 0 C55

3777775
8>>>>><>>>>>:

"z
"�
"x

zx

9>>>>>=>>>>>;
�

2666664
e11 0
e12 0
e13 0
0 e35

3777775
(
Ez
Ex

)
�

8>>>>><>>>>>:
�1
�2
�3
0

9>>>>>=>>>>>;T (5)

8>><>>:
Dz
D�
Dx

9>>=>>; =

2664 e11 e12 e13 0
0 0 0 0
0 0 0 e35

3775
8>>>>><>>>>>:

"z
"�
"x

zx

9>>>>>=>>>>>;
+

2664 �11 0
0 0
0 �33

3775( Ez
Ex

)
+

8>><>>:
p1
p2
p3

9>>=>>;T (6)

VvD � l} QDmr=wR}B ?}=Q[ T} QD=t eij 'u=UWm ?}=Q[ T} QD=t Cij u; QO xm
?}=Q[ pi 'C@=F VvQm QO l} QDmr=wR}B |xO=t |Q}PBPwiv ?}=Q[ T} QD=t �ij w

%u}vJty "CU=tO `} RwD `@=D T w 'l} QDmr=wR}B8>>>><>>>>:
�1 = C11�11 + C12�22 + C13�33

�2 = C21�11 + C22�22 + C23�33

�3 = C31�11 + C32�22 + C33�33

(7)

|t=tD CU= QmP x@ sRq "CU= xO=t |rw] \=U@v= ?} Q[ hQat �ij w CU=
%OwW|t xDiQo Q_v QO |a=aW `@=D CQwYx@ X=wN

Cij = C0
ij

�
R+ z
R+ h=2

�l
; eij = e0

ij

�
R+ z
R+ h=2

�l
�ij = �0

ij

�
R+ z
R+ h=2

�l
; pi = p0

i

�
R+ z
R+ h=2

�b+l
� = �0

�
R+ z
R+ h=2

�s
; �ij = �0

ij

�
R+ z
R+ h=2

�b
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"""|
}xv=w

DU=
xDU

wBl
}DUq

=wQDm
r=wtQ

Dp}
rLD%u; QO xm

fyg=
n
u0 u1 ::: unSDT w0 w1 ::: wnSDT  

oT
(24)

pL fKg w xS} w |=yQ=OQ@ f�g� 'xS} w Q}O=kt �� 'pwyHt |=yC@=F C� w
OQ=O OwHw pwyHt C@=F 2(2nSDT + 3) xm OwW|t x_Lqt "CU= |YwYN
xm ZQi u}= =@ "Ow@ Oy=wN x@U=Lt p@=k xv=wDU= |}=yDv= |RQt \}=QW ltmx@ xm

%CW=O s}y=wN 'OQ=Ov lQLD |xR=H= w CU= xDU@ ,qt=m =yDv= wO QO xv=wDU=(
ui
wi

)
x=0

=

(
ui
wi

)
x=L

=

( 0
0
)
; i = 0; ::nSDT (25)

%OwW xDiQo Q_vQO QiY xv=wDU= |=yDv= wO QO |m} QDmr= p}Uv=DB Qo = u}vJty
�jx=0 = �jx=L = 0 (26)

%u}=Q@=v@ w
fygx=0 = fygx=L = 0 (27)

"OQ=O OwHw pwyHt |=yC@=F |x@U=Lt |=Q@ R}v 2(2nSDT +3) |xrO=at u}=Q@=v@
QO u; uO=O Q=Qk TBU w '9 w 3 |=yx]@=Q QO 23 |x]@=Q |Q=Po}=H =@ ?}DQDu}O@
xv=wDU= |=yDv= wO xm |DQwY QO "O};|t CUO x@ pwyHt |=yC@=F '27 |x]@=Q

%Ovm|t Q}}eD u}vJ |m}v=mt |RQt \}=QW OW=@ O=R;(
N (i)
x

N (i)
xz

)
x=0

=

(
N (i)
x

N (i)
xz

)
x=L

=

( 0
0
)
; i = 0:::nSDT (28)

G}=Dv |UQQ@ "3
OvtWwy w OvthOy |xv=wDU= l} 'xOW x�=Q= VwQ G}=Dv |UQQ@ w xU}=kt |=Q@
"CU= xOW ZQi 1 pwOH j@=]t |rN=O |x}q QO O}vrU s}tO=m R= xOW xDN=U
L = |UOvy C=YNWt =@ xar=]t OQwt |xv=wDU= 'G}=Dv G=QNDU= |=Q@
R= G}=Dv xm u}= |=Q@ "OwW|t ZQi ro = 1 mm w ri = 0 7 mm '10 mm

xHwD =@ w Oa@|@ CQwYx@ xv=wDU= |Q=DiQ |=yQDt=Q=B 'OW=@ pkDUt |OOa |=yxO=O
%CU= xOW VQ=Ro 29 |x]@=Q x@

�x = x
L
; �r = r

ro
; �Uk = Uk

�0T0ro
; �� = � jd0j

�0T0ro
��kl = �kl

�0Y0T0
(29)

[14]"xv=wDU= QO l} QDmr=wR}B O=wt C=YNWt "1 pwOH
Q=Okt O=tv Q=Okt O=tv

0 347 (C=m2) e011 83 6 (GPa) C011
�0 16 (C=m2) e012; e013 39 3 (GPa) C012; C013
�0 14 (C=m2) e015 74 1 (GPa) C022; C033
4 40 (10�6=K) �022; �033 45 2 (GPa) C023
2 46 (10�6=K) �011 13 17 (GPa) C044; C055
82 5 (pF=m) �011; �022 14 45 (GPa) C066
90 3 (pF=m) �033 12 9 (W=mK) �0

�2 9 (�C=m2K) p0
i 5684 (kg=m3) �0

|Q=Po}=H =@ "CU= xv=wDU= |rN=O K]U QO Q=Wi P w |}x} w=R CaQU ! u; QO xm
%O};|t CUO x@ pO=aD CqO=at ��U = �W � |x]@=Q QO 14 w 13 |x]@=Q

d
dx

�
RNx(i)

�� iRNxz(i�1) = 0 (15)

d
dx

�
RNxz(i)

�� iRNz(i�1) �N�(i) =�
Z h=2

�h=2
�!2(R+ z)2zidz

+P
�
R� h

2
��
�h2

�i
(16)

CU= s}N[ Q=OH |=yxDUwB QO |m}v=mt pO=aD CqO=at x=oDUO 'jwi CqO=at
uOQw; CUO x@ |=Q@ "OwW|t XNWt =yu; O=OaD |x} Q_v |x@DQt x@ xHwD =@ xm

[43]%s} Q=O Tw=o uwv=k w pwUm =t CqO=at x@ xHwD =@ '|m} QDmr= pO=aD |xrO=at
LZ

0

2�Z
0

h2Z
�h2

�
@Dx
@x

+ 1
R+ z

@
@z

((R+ z)Dz)
�

(R+ z) dzd�dx=0

(17)

|=yxv=wDU= QO |Oa@l} CQ=QL p=kDv= |xrO=at R= =tO `} RwD uOQw; CUO x@ |=Q@
%CU= xOW xO=iDU= uoty=v

d
dr

�
�r dT

dr

�
= 0 (18)

|=yx]@=Q x@ xHwD =@ "CU= uoty=v |xO=t QO |DQ=QL C}=Oy ?} Q[ � u; QO xm
%s} Q=O 8 w 1

d
dz

�
�0(R+ z)s dT

dz

�
= 0 (19)

%CW=O s}y=wN xrO=at u}= R= |Q}op=QoDv= Q=@ wO =@
T = d1

Z
dz

(R+ z)s
+ d2 (20)

%OQm |U} wvR=@ u}vJ =Q u; u=wD|t xm

T =

8<:d1 (R+z)�s+1
1�s + d2 s 6= 1

d1 ln(R+ z) + d2 s = 1
(21)

16 w 15 \@=wQ QO uO=OQ=Qk TBU w 12 |x]@=Q QO 6 =D 4 \@=wQ |Q=Po}=H =@
|QwLt |}=Hx@=H '|a=aW |}=Hx@=H |=yxir-wt T=U=Q@ =Q pO=aD CqO=at u=wD|t

%OQm |U} wvR=@ |m} QDmr= |}=Hx@=H w
Lijuj + Iijwj + Ji = Fi (22)

Iij 'Lij w CU= 0 � j � nSDT w 0 � i � 2nSDT + 1 u; QO xm
w |m} QDmr= |}=Hx@=H ?}=Q[ Q=OQ@ Ji '|m}v=mt |}=Hx@=H ?}=Q[ |=yT} QD=t
22 |x]@=Q "CU= xOW xOQw; CUw}B QO u; Q}O=kt xm CU= |HQ=N Q=m Q=OQ@ Fi
xm CiQo Q_v QO C@=F ?}=Q[ =@ p}Uv=Qi}O CqO=at x=oDUO CQwYx@ u=wD|t =Q

[38]%CU= xS} w |=yQ=OQ@ VwQ x@ j}kO pL |=Q=O

fygh =
2(2nSDT+3)X

�=1
C�f�g�e��x + fKg (23)
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1|
xQ=t

W'
34

�3
|xQ

wO'
�13

97
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt

"Ct=N[ |=DU=Q QO Oa@|@ |a=aW |}=Hx@=H `} RwD "2 pmW

"Ct=N[ |=DU=Q QO Oa@|@ |m} QDmr= p}Uv=DB `} RwD "3 pmW

"Ct=N[ |=DU=Q QO Oa@|@ |]}Lt VvD `} RwD "4 pmW

"Ct=N[ |=DU=Q QO Oa@|@ |a=aW VvD `} RwD "5 pmW

%u; QO xm
Y0 = 42 8 GPa; �0 = �022; d0 = �3 92� 10�12 C

N
(30)

CLD [14]u}W}B C=ar=]t x@=Wt xar=]t OQwt |xv=wDU= "CU= xOW xDiQo Q_v QO
%CU= Q} R KQW x@ |m}v=mt w |m} QDmr= '|DQ=QL |Q=PoQ=@

r = ri; ro; �rr = 0
r = ri; ro; � = 0
r = ri; �T + dT

dz
= 0

r = ro; T + dT
dz

= To (31)

\}=QW w C=}[Qi x@ xHwD =@ "CU= xOW ZQi O}kt CQwYx@ xv=wDU= |}=yDv= \}=QW
xOW x�=Q= pL =@ G}=Dv uoty=v w uoty |xv=wDU= |=Q@ s=o u}rw= QO 'xOW O=} |RQt
|xar=]t QO xOW x�=Q= pL xm =Hv; R= "CU= xOW xU}=kt [14]u=Q=mty w ww=D= \UwD
xOw@ |}xLiY VvQm \}=QW QO w |wDUt |v=UWm |x} Q_v Q@ |vD@t [14]u}W}B
CyH QO \ki xU}=kt u}= 'CU= G=QNDU= p@=k G}=Dv |a=aW CyH QO \ki w
xOW x�=Q= g = 1 w s = 0 01 'b = 0 'l = 2 |voty=v C@=wF |=Q@ w |a=aW

"CU=
w pw= |x@DQt |WQ@ pmW Q}}eD |x} Q_v Q@ |vD@t pL 5 =D 2 |=ypmW QO

"CU= xOW xU}=kt [14]l}Uqm |x} Q_v =@ swU
|WQ@ pmW Q}}eD |x} Q_v R= xO=iDU= xm OW xOy=Wt 5 =D 2 |=ypmW QO
|t=tD QO |rw@k p@=k CkO VwQ u}= w CU= |QwQ[ G}=Dv |UQQ@ |=Q@ swU |x@DQt
u=Wv 2 pmW "OQ=O s}N[Q=OH |xv=wDU= l}DUq=wQDmr=wtQD Q=DiQ |=yxYNWt
\}=QW Q}F-=DCLD xv=wDU= |=yDv= RQt wO h=Q]= \=kv QO|a=aW|}=Hx@=H xm OyO|t
|DQwY x@ |a=aW |}=Hx@=H Q}}eD '=yRQt R= xrY=i =@ xm |r=L QO "CU= |RQt
Q=DiQ |v}@V}B |=Q@ |wDUt xD}U}DUq= |x} Q_v R= pY=L G}=Dv R= u=wD|t xm CU=
xar=]t OQwt VwQ w |r}rLD pL u}@ |@U=vt CkO 3 pmW QO "OQm xO=iDU= xv=wDU=
"CU= p}Uv=DB `@=D |=Q@ swO |x@DQt ?} QkD p}rO x@ ẁ[wt u}= &OwW|tv xOy=Wt
|HQ=N w |rN=O Kw]U QO |a=aW VvD |=[Q= sOa Qo}O xHwD p@=k |xr�Ut
|RQt \}=QW |=[Q= uwO@ |}=Hx@=H ?} QkD p}rOx@ R}v ẁ[wt u}= xm CU= xv=wDU=
QO xv=wDU= l}DUq=wQDmr=wtQD Q=DiQ QDy@ CN=vW |=Q@ "CU= |rN=O Kw]U QO VvD
xv=wDU= hrDNt |=yx}q QO |m} QDmr= w |m}v=mt |=yxYNWt 11 =D 6 |=ypmW

"CU= xOW |UQQ@ u; pw] |=DU=Q QO w
|t=tD RQt R= QwO \=kv QO u=vw CvU pY= x@ xHwD =@ OwW|t xOy=Wt
"CU= |QwLt u=mt R= pkDUt w C@=F |QwLt |}=Hx@=H RHx@ xv=wDU= |=yxYNWt
R= Q}e x@ xv=wDU= pw] QO =yVvD w =y|}=Hx@=H '|m} QDmr= p}Uv=DB Qo}O CQ=@ax@
|Dr=L 'OvDUy Q=OQ}o |=yRQt R= |W=v |WQ@ VvD Q}F-=D CLD xm u; |=yDv= w =OD@=
VvD QF= CLD |DN=wvm} Q}e '|}=yDv= |=yRQt h=Q]= QO xm |r=L QO "OQ=O CN=wvm}
pm |=Q@ =Q xv=wDU= \Uw QO OwHwt G}=Dv u=wD|t u}=Q@=v@ "OwW|t xOy=Wt |WQ@
QO \ki ẁ[wt u}= "CUv=O Q@Dat u; Q=OQ}o RQt R= lOv= |}xrY=i QO xv=wDU= pw]
\=kv x}k@ QO w CU= QiY xv=wDU= \Uw QO u; Q=Okt xm |QwLt |}=Hx@=H OQwt
C@=F Q}F-=D 16 =D 12 |=ypmW QO "CU}v jO=Y 'Ovm|t Q}}eD |]N CQwYx@

"OwW|t |UQQ@ C@=F Q=OH |xv=wDU= |v=}t |x}q Q@ |voty=v
VvD w |a=aW |}=Hx@=H Q@ |voty=v C@=F C=Q}}eD OwW|t xOy=Wt xm u=vJ
|=Q=O |xO=t |=R=x@|a=aW|}=Hx@=H xm s}@=}|tQO w OQ=O|UwULt=v Q}F-=D|]}Lt
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}xv=w

DU=
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wBl
}DUq

=wQDm
r=wtQ

Dp}
rLD

"xv=wDU= hrDNt |=yx}q QO Oa@|@ |]}Lt VvD `} RwD "10 pmW

"xv=wDU= hrDNt |=yx}q QO Oa@|@ |QwLt VvD `} RwD "11 pmW

|=yC@=F |=R=x@ xv=wDU= |v=}t |x}q Oa@|@ |a=aW |}=Hx@=H `} RwD "12 pmW
"pw] |=DU=Q QO hrDNt |voty=v

|=yC@=F |=R=x@ xv=wDU= |v=}t |x}q Oa@|@ |QwLt |}=Hx@=H `} RwD "13 pmW
"pw] |=DU=Q QO hrDNt |voty=v

"xv=wDU= hrDNt |=yx}q QO Oa@|@ |a=aW |}=Hx@=H `} RwD "6 pmW

"xv=wDU= hrDNt |=yx}q QO Oa@|@ |QwLt |}=Hx@=H `} RwD "7 pmW

"xv=wDU= hrDNt |=yx}q QO Oa@|@ |m} QDmr= p}Uv=DB `} RwD "8 pmW

"xv=wDU= hrDNt |=yx}q QO Oa@|@ |a=aW VvD `} RwD "9 pmW

130



1|
xQ=t

W'
34

�3
|xQ

wO'
�13

97
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt

hrDNt|voty=v |=yC@=F |=R=x@ xv=wDU= Oa@|@ |QwLt|}=Hx@=H `} RwD "17 pmW
"Ct=N[ |=DU=Q QO

hrDNt|voty=v |=yC@=F |=R=x@ xv=wDU= Oa@|@|a=aW|}=Hx@=H `} RwD "18 pmW
"Ct=N[ |=DU=Q QO

|voty=v |=yC@=F |=R=x@ xv=wDU= Oa@|@ |m} QDmr= p}Uv=DB `} RwD "19 pmW
"Ct=N[ |=DU=Q QO hrDNt

p}Uv=DB '|QwLt w |a=aW |=y|}=Hx@=H Oa@|@ `} RwD 21 =D 17 |=ypmW QO
|xv=wDU= |=Q@ hrDNt |voty=v C@=wF |=R=x@ |a=aW w |]}Lt VvD w |m} QDmr=

"CU= xOW xO=O u=Wv xv=wDU= \Uw QO w 'xar=]t OQwt
O=H}= p}rOx@ |ivt |voty=v C@=wF =@ O=wt R= xO=iDU= 17 pmW x@ xHwD =@
|=Q@ xm OwW|t x_Lqt 18 pmW QO "CU= QD?wr]t xv=wDU= QO QDsm |=y|}=Hx@=H
|voty=v C@=F |ivt Q}O=kt |=Q@ w '|ivt |QwLt |}=Hx@=H |voty=v C@Ft Q}O=kt
CQwYx@ |m} QDmr= p}Uv=DB |=Q@ ẁ[wt u}= "CU= C@Ft |QwLt |}=Hx@=H

"CU= xOW xO=O V}=tv 19 pmW QO Twmat

|=yC@=F |=R=x@ xv=wDU= |v=}t |x}q Oa@|@ |m} QDmr= p}Uv=DB `} RwD "14 pmW
"pw] |=DU=Q QO hrDNt |voty=v

|=yC@=F |=R= x@ xv=wDU= |v=}t |x}q Oa@|@ |]}Lt VvD `} RwD "15 pmW
"pw] |=DU=Q QO hrDNt |voty=v

|=yC@=F |=R= x@ xv=wDU= |v=}t |x}q Oa@|@ |QwLt VvD `} RwD "16 pmW
"pw] |=DU=Q QO hrDNt |voty=v

|voty=v C@=F C@Ft Q}O=kt |=R=x@ w uoty |xO=t R= QDsm '|ivt |voty=v C@=F
=@ |}xO=t R= xO=iDU= |a=aW |}=Hx@=H Q_v R= u}=Q@=v@ "CU= uoty |xO=t R= QDW}@
V}=Ri= =@ "CU= QD?U=vt u; |xv}W}@ Q=Okt uOw@ QDsm p}rOx@ |ivt |voty=v C@=F
|m} QDmr= p}Uv=DB R= w O@=}|t V}=Ri= |]}Lt VvD w |QwLt VvD |voty=v C@=F
|ivt C@=F =@ uoty=v |xO=t ?=NDv= u}=Q@=v@ "OwW|t xDU=m |a=aW |}=Hx@=H w
Q@ |voty=v C@=F Q}F-=D "OwW|t x}YwD R}v |m} QDmr= p}Uv=DB w VvD Q_vx]kv R=
QO xv=wDU= Q=DiQ xJQo = "CU= xv=wDU= |rw] C}akwt x@ xDU@=w |QwLt |}=Hx@=H
C@=F Q}F-=D x}L=v u}= QO |rw 'CU= \=kv |x}k@ R= Cw=iDt |}=yDv= |=yRQt CQw=Ht
C=Q}}eD =@ |m} QDmr= p}Uv=DB CyH u}vJty "CU= Qo}O |L=wv x@=Wt |voty=v

"Ovm|t Q}}eD |voty=v C@=F
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}xv=w

DU=
xDU

wBl
}DUq

=wQDm
r=wtQ

Dp}
rLDuoty=v O=wt |xty |=Q@ xm |DQwY x@CU= uoty=v |xO=tTvH R= |a@=D |]}Lt

'C@Ft |voty=v C@=wF |=R=x@ |rw CU= |v=QL@ |rN=O |x}q '|ivt |=yC@=F =@
p}t |HQ=N CtU x@ |rN=O |x}q R= |v=QL@ |x}q |voty=v C@=wF V}=Ri= =@
|voty=v C@=F =@ xv=wDU= QO |QwLt VvD xm OwW|t x_Lqt 21 pmW QO "Ovm|t
C@=F =@ xv=wDU= |=Q@ ẁ[wt u}= "CU= xOw@ |Q=Wi |a=aW |=yx}q QDW}@ QO |ivt

"CU= jO=Y Tma CQwYx@ C@Ft |voty=v

|Q}oxH}Dv "4
|a@=D GQOt O=wt R= xOW xDN=U OvtWwy w OvtiOy |xv=wDU= l} j}kLD u}= QO
C=Q}}eD "CiQo Q=Qk p}rLD OQwt |DQ=QL w |m}v=mt '|m} QDmr= |=yu=O}t CLD
pO=aD CqO=at "OW ZQi `=aW |=DU=Q QO |v=wD `@=D w |]NQ}e CQwYx@ X=wN
R= |m} QDmr= pO=aD CqO=at uDi=} |=Q@ w Ot; CUO x@ |SQv= VwQ x@ |m}v=mt
R= =tO `} RwD uOQw; CUO x@ |=Q@ "OW xO=iDU= Tw=o uwv=k w pwUm =t CqO=at
x=oDUO "OW xDiQo xQy@ |}xv=wDU= C=YDNt QO x} Qwi |D}=Oy CQ=QL p=kDv= |xrO=at
|x} Q_v R= xO=iDU= =@ w |twta Cr=L QO s}N[ Q=OH |=yxDUwB Q@ sm =L CqO=at
xrY=L G}=Dv '=yp}rLD |@=} RQ= |=Q@ "OW G=QNDU= |WQ@ pmW Q}}eD q=@ |x@DQt
xOt; CUO x@ G}=Dv w 'xU}=kt xvwtv |xv=wDU= |=Q@ [14]x@=Wt C=k}kLD G}=Dv =@
ẁtHt QO j}kLD u}= QO xOW s=Hv= |=yC}r=ai R= xO=iDU= =@ "OW |HvUQ=@Da=
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1. functionally graded materials
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9. multi-layer method (MLM)
10. thermo magneto elastic
11. Maxwell equations
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