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%OwW|t x@U=Lt u}vJ w CU= p}O@D u}@ wm =S jJ j u; QO w
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����@(x; y)
@(u; v)

���� =

����� @x@u @x
@v
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@u
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����� = @x
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@v
� @x
@v

@y
@u

(8)
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@v

� v
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VwQ |Q}oQ=mx@ w p}Uv=DB w |W@vH |=y|SQv= QO jwi |QU |Q=Po|=H =@ "CU=
|W=aDQ= C=YNWt u; pL =@ xm O}UQ s}y=wN xS} w Q=Okt |xr�Ut l} x@ RD} Q

"O};|t CUO x@ xLiY

xr�Ut h} QaD "2
u=vJ "CU= xOW xO=O u=Wv |}xkvRwP |x}qOvJ |D} RwBt=m |xLiY 1 pmW QO
xOw@ �xLiY T=Q |=}=wR� xkvRwP `r[ wO |=}=wR (�2; �1)OwW|t xOy=Wt xm
�O |x]kv� xkvRwP T=Q R= xkvRwP Qo}O `r[ wO s�=k pY=wi ?}DQDx@ (c; L) w
R}v (k2; k1) OwW|t xOy=Wt xm Qw]v=ty "CU= xkvRwP `=iDQ= b u}vJty "CU=
OwN R= xLiY u=QwO w s�=k CmQL Q@=Q@ QO ?}DQDx@ xm OvDUy QDU@ |=y|DiU

"OvyO|t u=Wv Ctw=kt

p}Uv=DB w |W@vH |=y|SQv= "3
%CWwv u}vJ u=wD|t =Q xLiY (UP ) p}Uv=DB w (T ) |W@vH |=y|SQv=

T = 1
2
Z
A
mw;t2 dA (1)

UP = 1
2
Z
A

(
D11w;xx2 + 2D12w;xxw;yy +D22w;yy2

+4 (D16w;xx +D26w;yy)w;xy + 4D66w;xy2

)
dA

(2)

%OwW|t x@U=Lt u}vJ w CU= xLiY K]U OL=w sQH m u; QO xm

m =
Z h=2

�h=2
�dz =

NX
k=0

�(k) (zk � zk�1) (3)

u}}=B w q=@ K]U |xrY=i ?}DQDx@ (zk�1; zk) 's=k |x}q |r=oJ �(k) 'u; QO xm
=yx}q xmCU= |vDio "CU= xLiY |=yx}q pm O=OaDN w |v=}t K]U R= s=k |x}q
w(x; y; t) u}= Q@ xwqa "Ov=xOW |Q=PoxQ=tW q=@ x@ u}}=B R= Ct=N[ ?ULQ@
jDWt Qou=Wv pwoQ} w '=yx]@=Q w CqO=at |t=tD QO "CU= xLiY R}N |xOvyOu=Wv
QO Dij ?}=Q[ u}vJty "OwW|t Qy=_ u; R= Oa@ xm CU= |QDt=Q=B x@ C@Uv
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"""|
D}Rw

Bt=m
|xL

iY
O=R;

C=W
=aDQ=

p}rL
D

u; v |=DU=Q QO xOW xOR u}tND `@=wD ?}DQDx@ Wmn; Um(u); Vn(v) u; QO xm
u=}@ R= '12 xrO=at CU=Q CtU R= QN; CQ=@a QO "OvDUy |QU pwyHt ?}=Q[ w
�Dummy Index� `tH T}Ov= Qou=Wv T}Ov= Q=QmD w xOW xO=iDU= xYqN
\}=QW O}=@ Um(u); Vn(v) |=Q@ xOW xOR u}tND `@=wD xm u; Qo}O |xDmv "CU=
\}=QW `=wv= |=Q@ ?U=vt `@=wD ?=NDv= |xwLv "Ovvm =[Q= =Q sDU}U |QwQ[ |RQt
xDiQo Q_v QO |QU |Q=Po|=H =@ "CU= xOW K} QWD hr= CUw}B QO xLiY |RQt
x@U=Lt =Q =yCQ=@a u}= |xv}W}@ u=wD|t 'p}Uv=DB w |W@vH |=y|SQv= QO xOW

%OQm
Tmax = 1

2WmnWij

h
mL2 tan(�1)!2Imi18 Inj2

i
(hr=13)

UP;max =1
2WmnWij

�
D11 tan(�1)

L2
h
Imi1 Inj2 + Imi3 Inj4

+ 4Imi3 Inj7 + 4Imi9 Inj7 + 2Imi10 Inj11 + 4Imi10 Inj13
�4Imi14 Inj13 + 4Imi3 Inj15 � 4Imi17 Inj15 � 8Imi17 Inj7

i
+ D22
L2tan3(�1)

Imi3 Inj5

+ 2D12
L2 tan(�1)

h
Imi3 Inj6 +Imi10 Inj12 +2Imi3 Inj16 �2Imi17 Inj16

i
+ 4D66
L2tan (�1)

h
Imi3 Inj6 + Imi3 Inj8 + Imi9 Inj8

+2Imi3 Inj16 � 2Imi17 Inj8 � Imi22 Inj21
i

� 4D26
L2tan2 (�1)

h
Imi3 Inj19 + Imi3 Inj24 � Imi17 Inj24

i
� 4D16

L2
h
Imi3 Inj26 + 2Imi3 Inj20 + 2Imi9 Inj20 + Imi10 Inj21

�Imi14 Inj23 +3Imi3 Inj25 �3Imi17 Inj25 �4Imi17 Inj20 +Imi10 Inj23
io

(?13)

UF;max = 1
2WmnWij

266666664
k1L2 tan(�1)Imi18 Inj2
+k2 tan(�1)Imi27 Inj2
+k2 tan(�1)Imi28 Inj7
�2k2 tan(�1)Imi29 Inj13
+k2= tan(�1)Imi28 Inj8

377777775 (G13)

|=yCQ=@a |Q=Po|=H =@ "CU= xOW x�=Q= ?CUw}B QO Ii(i = 1�28) |=yC@=F
xS} w Q=Okt |xrO=at x@ '( @(Tmax�UP;max�UF;max)

@Wmn
= 0) RD} Q VwQ QO jwi

%O}UQ s}y=wN

�
[K]� !2[M ]

� fWmng =
�

[K]� !2[M ]
�
8>>>>>><>>>>>>:

W11
W12

...

WMN

9>>>>>>=>>>>>>;
= 0

(14)

%u; QO xm
[K] = @(UP;max + UF;max)

@ fWmng ;

[M ] = 1
!2

@Tmax

@ fWmng (15)

%CW=O s}y=wN 5 w '2 '1 |=yx]@=Q QO \@=wQ u}= |Q=Po|=H =@ C}=yv QO
T = 1

2
Z 1

v0

Z 1

c1
mw;t2L2u tan(�1) du dv

UP =
Z 1

v0

Z 1

c1

���
D11utan (�1)

L2

�
w2
;uu

+
�
D11v4 tan(�1)� 4D16v3

L2u3 +D22 + 2D12v2 + 4D66v2

L2u3 tan(�1)

� 4D26v
L2u3 tan2(�1)

�
w2
;vv +

�4D11v2 tan (�1)� 8D16v
L2u3

+ 4D66
L2u3tan (�1)

�
w2
;v +

�4D11v2 tan (�1)� 8D16v
L2u

+ 4D66
L2u tan (�1)

�
w2
;uv +

�2D11v2 tan (�1)� 4D16v
L2u

+ 2D12
L2utan (�1)

� 8D66v
L2u2tan (�1)

�
w;uuw;vv

+
�4D11v tan (�1)� 4D16

L2u

�
w;uuw;v

+
�4D16 � 4D11vtan (�1)

L2

�
w;uuw;uv

+
�4D11v3 tan (�1)� 12D16v2

L2u3 + 4D12v + 8D66v
L2u3tan (�1)

� 4D26
L2u3 tan2 (�1)

�
w;vvw;v

+
��4D11v3 tan (�1) + 12D16v2

L2u2 � 4D12v
L2u2tan (�1)

+ 4D26
L2u2 tan2 (�1)

�
w;vvw;uv

+
��8D11v2 tan(�1) + 16D16v

L2u2

� 8D66
L2u2 tan(�1)

�
w;uvw;v

�
du dv

UF =1
2k1L2 tan (�1)

Z 1

v0

Z 1

c1
uw2dudv

+ 1
2
Z 1

v0

Z 1

c1

8<: k2 tan (�1)uw2
;u+ k2 tan(�1)v2

u w2
;v

�2k2 tan (�1) vw;uw;v+ k2
utan(�1)w

2
;v

9=;dudv
(10)

xr�Ut pL VwQ "4
%CiQo Q_v QO u}vJ =Q sDU}U MU=B u=wD|t 'xr�Ut |W=aDQ= C}y=t x@ xHwD =@

w(u; v; t) = W (u; v)ei!t (11)

"CU= sDU}U Ot pmW w \rDNt Q}eDt 'Tv=mQi ?}DQD x@W (u; v); i; ! u; QO xm
%CiQo Q_v QO 12 |x]@=Q j@=]t u=wD|t R}v =Q sDU}U Ot pmW

W (u; v) =
MX
m=1

NX
n=1

WmnUm(u)Vn(v) = WmnUm(u)Vn(v)

(12)
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1|
xQ=t

W'
34

�3
|xQ

wO'
�13

97
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt ,qt=m|RQt\}=QW =@|FrFt|xLiYpw=Tv=mQi Q=yJ|=Q@G}=Dv |xU}=kt "1 pwOH

"(L = b = 1 m; c = 0; h=L = 0 01; �2 = 0) &Q}oQO ,qt=m w xO=U

4 
3 
2 
1 `H=Qt tan(�1)

\}=QW
|RQt

17 005 13 000 9 999 5 000 [19]

1
SSS

17 002 13 000 10 000 5 000 [29]

17 000 13 000 10 000 5 000 Pres.

8 241 7 569 5 054 2 813 [19]

28 239 7 566 5 054 2 813 [29]

8 242 7 575 5 057 2 814 Pres.

24 655 19 741 15 988 9 503 [19]

1
CCC

24 601 19 737 15 978 9 510 [29]

24 617 19 732 15 987 9 503 Pres.

12 357 11 518 8 355 5 415 [19]

212 351 11 500 8 351 5 416 [29]

12 350 11 495 8 352 5 415 Pres.

w uQ=kDt V}=Q; =@ '(
1) x}qOvJ |D} RwBt=m |xLiY |rY= Tv=mQi "2 pwOH
"(h=b = 0 1) '[0=90=90=0] Ot=aDt

CCCC SSSS
tan(�1) c1

Pres. [20] [30] Pres. [20] [30]

26 23 25 12 24 73 19 84 18 41 17 39 0 1 0 8
28 90 27 62 27 53 21 97 20 48 20 35 0 2 0 6
32 51 31 08 30 95 26 41 24 06 23 91 0 3 0 4
41 15 34 76 34 74 34 95 27 54 27 50 0 4 0 2

hrDNt |RQt \}=QW =@ |}xkvRwP |xLiY Oa@|@ w pw= Tv=mQi xU "3 pwOH
"(c1 = 0 2; tan(�1) = 0 4)


3 
2 
1 |RQt \}=QW
112 1556 72 0135 39 2519 SSSS

177 6317 124 9314 80 9121 CCCC

126 1914 81 3579 46 9524 CCSS

160 5591 113 1442 70 0555 SSCC

40 6428 17 2901 14 5634 CCFF

26 7489 9 4499 6 6212 SSFF

w |}xkvRwP |xLiY Oa@|@ w pw= Tv=mQi xU Q@ |RQt \}=QW QF= xt=O= QO
CU= |vDio "CU= xOW x�=Q= 3 pwOH QO [90=0=0=90] Ot=aDt w uQ=kDt V}=Q;
u=vJ "CU= xOW xO=iDU= G}=Dv G=QNDU= |=Q@ QwmPt V}=Q; R= R}v |Oa@ |=yp=Ft QO
'OvDUy Q}oQO |RQt \}=QW =} \QW |=Q=O xm |}=yCr=L |=Q@ OwW|t xOy=Wt xm
\}=QW =Q} R CU= |v}@V}B p@=k xO}OB u}= "O};|t CUO x@ |QDq=@ |Uv=mQi Q}O=kt
Oy=wN |Uv=mQi G}=Dv uOw@ QDq=@ xH}DvQO w xR=U uOW QDCiU ?Hwt Q}oQO |RQt
QDQ}PBh=]av=?Hwt OW=@ xDW=O OwHw xLiY QO O=R; |RQt\}=QW Qo = p@=kt QO "OW
pw= Ot pmW xU u}vJty "OW Oy=wN u; Tv=mQi Vy=m xH}DvQO w xLiY uOw@
�CCFF� |RQt \}=QW =@ xLiY |=Q@ '3 pwOH QO xOW x�=Q= |=yTv=mQi =@ Q_=vDt

"OQw; CUO x@ =Q Q_=vDt |=yOt pmW w =yTv=mQi u=wD|t 14 |xrO=at pL =@

|OOa G}=Dv "5
|}xv=}=Q |xt=vQ@ R}v w xOW x�=Q= \@=wQ CLY |UQQ@ Qw_vtx@ =OD@= CtUk u}= QO
|FrFt |xLiY |=Q@ u=Qo}O G}=Dv =@ Q[=L j}kLD R= pY=L G}=Dv 'xOW xDWwv
QDU@ w xLiY hrDNt |=yQDt=Q=B |UQQ@ |=Q@ |Dw=iDt G}=Dv xt=O= QO w 'xOW xU}=kt
(
 = !b2

p
�h=D) Oa@|@ CQwYx@ |WtN Tv=mQi G}=Dv "CU= xOW x�=Q=

"CU= D = Eh3=12(1 � �2) u; QO xm xOW x�=Q= OQov=Uty |xLiY |=Q@
x�=Q= (
 = !b2

p
�=E22=h) pmW x@ |D} RwBt=m |xLiY |=Q@ G}=Dv u}vJty

Tv=mQi ẁv wO u}= 'u=Qo}O G}=Dv =@ xU}=kt Qw_vtx@ xm CW=O xHwD O}=@ "CU= xOW
Q=Okt u}vJty "CU= xOW ?=NDv= |D} RwBt=m w OQov=Uty |xLiY |=Q@ Oa@|@
|}=yCr=L QO Qot 'CU= xOW xDiQoQ_v QO QiY Q@=Q@ G}=Dv QO QDU@ x@ \w@ Qt?}=Q[
G}=Dv uOQw;CUO x@ |=Q@ |QU xrtH xO "CU= xDiQo Q=Qk |UQQ@ OQwt QDU@ QF= xm
|xLiY |xOvyOp}mWD O=wt X=wN |=Q@ Q} R |OOa Q}O=kt "CU= xOw@|i=m =Qoty

%CU= xOW xDiQo Q_v QO x}qOvJ |D} RwBt=m |xLiY w OQov=Uty
%OQov=Uty |xLiY

� = 7800 kg
m3 ; E = 206 GPa; � = 0 3 (16)

%l}B wQDwDQ= |D} RwBt=m |xLiY
� = 1389 23 kg

m3 ; E22 = 9 65 GPa; E11 = 40E22;

�12 = 0 25; G12 = 0 6E22; G13 = 0 6E22;

G23 = 0 5E22 (17)

"s} Q}o|t Q_v QO =Q OQov=Uty |x}qlD |x} w=Rr=s�=k ErFt l} 'pw= |xU}=kt |=Q@
'Q[=L p}rLD R= |r}]DUt |xLiY |=Q@ G}=Dv G=QNDU= |=Q@ CU= QmP p@=k
x@ `=HQ= =@ 'Qo}O CQ=@ax@ "�1 pmW� s}yO|t p}t QiY CtU x@ =Q c1 Q=Okt
"CW=O Oy=wNv OwHw Qo}O 'xLiY 1 xQ=tW RQt Cio u=wD|t 2 w 1 |=ypmW
xO=U ,qt=m |RQt \QW ẁv wO |=Q@ |FrFt |xLiY Oa@|@ w pw= Tv=mQi Q=yJ
C=ar=]t G}=Dv =@ 1 pwOH QO w xOW x@U=Lt �CCC� Q}oQO ,qt=m w �SSS�
sy =@ |@ wN x@ G}=Dv OwW|t xOy=Wt xm u=vJ "CU= xOW xU}=kt '[29w19]|r@k

"OvQ=O Ck@=]t
Ot=aDt w uQ=kDt V}=Q; =@ |}xkvRwP |xLiY l} 'swO |xU}=kt u=wvax@
wO |=Q@ QwmPt |xLiY |rY= Tv=mQi "CU= xOW xDiQo Q_v QO [0=90=90=0]

=@ 2 pwOH QO w xOW x@U=Lt Q}oQO hQ]Q=yJ w xO=U hQ]Q=yJ |RQt \QW
|RQt \}=QW |Q=Pos=v xm Cio O}=@ "CU= xOW xU}=kt [30w20]|r@k C=ar=]t G}=Dv
xOW xO=O u=Wv |=yRQt =@ Q_=vDt |Qo}O \QW ẁvQy =} SSSS CQwYx@ xLiY
xm u=vJ "CU= 1234 CQwYx@ |}xkvRwP |xLiY |=Q@ '2 w 1 |=ypmW QO
QO xm |mOv= hqDN= w xOW xO}O |@ wN j}@]D R}v Cr=L u}= QO OwW|t xOy=Wt
CU= u; R= |W=v �2 pwOH� xOW xOy=Wt C=ar=]t Qo}O G}=Dv =@ Q[=L G}=Dv
|WQ@ |x} Q_v R= Qo}O C=ar=]t QO w l}Uqm |x} Q_v R= Q[=L |xar=]t QO xm
|WQ@ |x} Q_v R= QDW}@ =Q Tv=mQi l}Uqm |x} Q_v "CU= xOW xO=iDU= pw= |x@DQt
xH}DvQO w Ovm|t pOt QDQ}PBh=]av= =Q xR=U |WQ@ |x} Q_v =Q} R Ovm|t |v}@V}B

"Ovm|t |v}@V}B QDsm R}v =Q sDU}U Tv=mQi
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"""|
D}Rw

Bt=m
|xL

iY
O=R;

C=W
=aDQ=

p}rL
D

=@ (�2 = 0; �1 = 40) x}w=Rr=s�=k |FrFt |xLiY pw= Ot pmW xU "4 pmW
"Q}oQO ,qt=m |RQt \}=QW

=@ |}xkvRwP |xLiY Oa@|@ w pw= Tv=mQi xU Q@ |OQov=Uty=v QF= u}vJty
C@Uv CQwYx@ |OQov=Uty=v "CU= xOW x�=Q= 5 pwOH QO CCSS |RQt \}=QW
uOw@ QDq=@ |xOvyOu=Wv OW=@ QDW}@ QUmu}= Q=Okt xJQy w 'xOWh} QaD (E11=E22)
xOy=Wt xm Qw]v=ty "CU= xLiY QO xO=iDU= OQwt |xO=t |OQov=Uty=v |xHQO
"OW Oy=wN xLiYTv=mQi Q=OktV}=Ri=?Hwt|OQov=Uty=v Q=OktV}=Ri= OwW|t
|RQt \}=QW w [90=0=0=90] Ot=aDt V}=Q; u=ty =@ =Q |FrFt |xLiY p=L
(c1) Q=Okt R}v Cr=L u}= QO '|r@k G}=Dv x@=Wt "s} Q}o|t Q_v QO �CCC�Q=OQ}o
xLiY T-=Q |x} w=R V}=Ri= QF= "s} Q}o|t Q_v QO sm Q=}U@ |FrFt |xLiY |=Q@ =Q
|xLiY w 6 pwOH QO (�2 = 0) x} w=Rr=s�=k |FrFt |xLiY pw= Tv=mQi xU Q@
xDW=O xHwD "CU= xOW |UQQ@ 7 pwOH QO (�1 = �2) u}k=Ur=|w=UDt |FrFt
|=Q@ u}vJty "CU= xOW xO=O u=Wv pw=OH u}= QO xHQO ?ULQ@ =}=wR xm O}W=@
Ov=xOW xDiQoQ_v QO C@=F ErFt T-=Q |=}=wR RHx@ =yQDt=Q=B |t=tD 'G}=Dv G=QNDU=
V}=Ri= Cr=L wO Qy QO xm OwW|t x_Lqt "OwW |UQQ@ T-=Q |x} w=R QF= =yvD =D
pmW xU 'p=Ft |=Q@ "OW Oy=wN xLiY Oa@|@ Tv=mQi Vy=m ?Hwt T-=Q |x} w=R
4 |=ypmW QO ?}DQDx@ 7 w 6 pw=OH QO xOW x�=Q= Tv=mQi xU =@ Q_=vDt pw= Ot

"CCFF |RQt \}=QW =@ |}xkvRwP |xLiY pw= Ot pmW xU "3 pmW

CQwYx@ =yQwLt 5 =D 3 |=ypmW QO OwW|t Qw;O=} "CU= xOW sUQ 3 pmW QO
u}=Q@ xwqa "OvyO|t u=Wv =Q xLiY O=a@= w OvDUy y=L w x=L |xOW Oa@|@

"CU= xLiY C=W=aDQ= |xvt=O |xOvyOu=Wv Qo}O QwLt
|D} RwBt=m |xLiY pw= Tv=mQi xU Q@ l =vQDUB QDU@ hrDNt |=y|DiU QF=
pmWx@ xLiY |RQt \}=QW "CU= xOW |UQQ@ 4 pwOH QO |xkvRwP |x}qOvJ
=y|DiU R= l} Qy QF= 'OwW|t xOy=Wt xm u=vJ "CU= xOW xDiQoQ_v QO SSCC

'=y|DiU R= l} Qy QF= |UQQ@ |=Q@ Qo}O CQ=@ax@ "CU= xOW |UQQ@ =RHt Qw]x@
xOW xO=O Q=Qk QiY Q@=Q@ Qo}O |DiU xm |r=L QO xOW xO=O Q}}eD u; |DiU u=R}t

%Ov=xOW Oa@|@ Q} R CQwY x@ R}v QDU@ |=y|DiU "CU=

k1 = k1b4

D11
; k2 = k2b2

D11
(18)

'|DiU Oa@|@ ?}=Q[ R= l} Qy V}=Ri= =@ 'OwW|t xOy=Wt 4 pwOH QO xm u=vJ
\w@ Qt |DiU ?} Q[ V}=Ri= u}vJty "O@=}|t V}=Ri= xLiY |=yTv=mQi Q=Okt
xLiY Tv=mQi Q=Okt V}=Ri= QO |QDW}@ QF= '(k2) |xLiY |v=QwO pmW Q}}eD x@
Q=Okt R= Tv=mQi Q=Okt 'k2 w k1 Q@=Q@ Q=Okt |=R=x@ Qo}O CQ=@ax@ "CW=O Oy=wN

"OW Oy=wN QF-=Dt QDW}@ k2
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1|
xQ=t

W'
34

�3
|xQ

wO'
�13

97
Q=y@

�h
}QW

l}
v=mt

|U
Ovyt "(c1 = 0 2; tan(�1) = 0 4) |}xkvRwP |xLiY pw= Tv=mQi xU Q@ l =vQDUB QDU@ |DiU ?}=Q[ QF= "4 pwOH

k2 = 0
100000 10000 1000 100 10 0 k1

232 2610 99 0531 73 4721 70 4046 70 0905 70 0555 
1
248 6745 133 0614 115 2908 113 3607 113 1658 113 1442 
2
273 5263 175 1655 162 0790 160 7117 160 5744 160 5591 
3

k1 = 0
100000 10000 1000 100 10 0 k2

1384 1367 453 3886 165 9611 86 7208 71 9787 70 0555 
1
2013 1064 660 9976 245 2071 133 9110 115 4114 113 1442 
2
2219 0793 734 2040 287 8975 179 0349 162 5263 160 5591 
3

"(c1 = 0 2; tan(�1) = 0 4) |}xkvRwP |xLiY pw= Tv=mQi xU Q@ O=wt |OQov=Uty=v QF= "5 pwOH
40 35 30 25 20 15 10 5 E11=E22

46 9524 44 2207 41 3041 38 1578 34 7144 30 8633 26 3942 20 7752 
1
81 3579 76 7522 71 8408 66 5499 60 7685 54 3121 46 8211 37 2456 
2
126 1914 118 7257 110 8797 101 8246 92 3677 81 6872 69 2500 53 5375 
3

"CU= xOW sUQ (�1 = �2 = 40) |=Q@ 5 pmW w (�2 = 0; �1 = 40) |=Q@
QO Q}oQO hQ] Q=yJ |RQt \}=QW =@ |}xkvRwP |xLiY |=Q@ |y@=Wt G}=Dv

"CU= xOW x�=Q= 9 w 8 pw=OH
xU Q@ �b QDt=Q=B� pmW |}xkvRwP |xLiY `=iDQ= V}=Ri= QF= 'Qo}O |UQQ@ QO
CU=|vDio "CU= xOW xar=]t �10 pwOH�|}xkvRwP |xLiY Oa@|@ w pw=Tv=mQi
(b=L = 0 5) Q=Okt x@ C@Uv =yTv=mQi |t=tD 'G}=Dv ?U=vt |xU}=kt |=Q@
C=v=Uwv Tv=mQi 'xkvRwP `=iDQ= V}=Ri= =@ xm OwW|t x_Lqt "CU= xOW Oa@|@
CU= QDW}@ b=L u}}=B |=yC@Uv QO Vy=m MQv u}vJty "O@=}|t Vy=m xLiY

"OwW|t QDsm C=Q}}eD MQv 'C@Uv u}= V}=Ri= =@ w
|}xkvRwP|xLiYl}|W=aDQ=C=YNWt Q@ =yQ@}i Q=QkDU=|x} w=R QF=C}=yv QO
QO [�=� �=� �=�] CQwYx@ xLiY |v}Jx}q "CU= xOW |UQQ@ 11 pwOH QO
Tv=mQi '=yQ@}i Q=QkDU= |x} w=R V}=Ri= =@ xm OwW|t xOy=Wt "CU= xOW xDiQo Q_v

"O@=}|t Vy=m xLiY C=v=Uwv

|Q}oxH}Dv "6
QkDUt |}xkvRwP |x}qOvJ |D} RwBt=m |xLiY O=R; C=W=aDQ= p}rLD xr=kt u}= QO
|=Q@ |@U=vt |r}rLD pL x=Q "CU= xOW xar=]t |QDt=Q=B wO l =vQDUB QDU@ Q@
|@U=vt Q=}U@ |}=Qoty w xOW O=yvW}B QwmPt |xr�Ut |W=aDQ= |=yxYNWt uDi=}
Q@ QDU@ w xLiY hrDNt |=yQDt=Q=B QF= |UQQ@ ut[ "CU= xOW xOy=Wt R}v
u=wD|t =Q QwmPt p}rLD xm xOW xO=O u=Wv 'QwmPt |xr�Ut |W=aDQ= |=yxYNWt
QDU@ Q@ xLiY Q=QkDU= CU= xOW xOy=Wt "OQ@ Q=m x@ R}v |FrFt C=LiY |=Q@
QO sw=kt QDU@ |DiU Q}F-=D w OwW|t sDU}U Tv=mQi V}=Ri= ?Hwt l =vQDUB
V}=Ri= u}vJty "CU= R}N Q@=Q@ QO sw=kt QDU@ |DiU Q}F-=D R= QDW}@ u=QwO Q@=Q@
sDU}U Tv=mQi Vy=m ?Hwt |}xkvRwP w |FrFt C=LiY |=Q@ T-=Q |x} w=R

"OwW|t
(�2 = �1 = 40) u}k=Ur=|w=UDt |FrFt |xLiY pw= Ot pmW xU "5 pmW

"Q}oQO ,qt=m |RQt \}=QW =@
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"(L = b = 1 m; c = 0; h=L = 0 01) u; pw= Tv=mQi xU Q@ (�2 = 0) x}w=Rr=s�=k |FrFt |xLiY T-=Q |x}w=R V}=Ri= QF= "6 pwOH
80 70 60 50 40 30 20 10 �1

24 8319 35 3906 50 6506 74 9753 117 4203 202 7768 427 2965 1537 3557 
1

33 5834 56 2639 88 0028 126 1606 182 0429 286 5781 556 2588 1890 9905 
2

43 4791 74 0887 99 3396 151 3696 248 7714 394 8159 789 1983 3772 3145 
3

"(L = b = 1 m; c = 0; h=L = 0 01) u; pw= Tv=mQi xU Q@ (�1 = �2) u}k=Ur=|w=UDt |FrFt |xLiY T-=Q |x}w=R V}=Ri= QF= "7 pwOH
80 70 60 50 40 30 20 10 �1 = �2

18 4959 21 6167 26 5352 34 5023 48 2499 75 0326 142 2711 451 6242 
1

23 1821 30 6356 42 0849 60 2701 91 3104 127 9754 214 1741 1111 9514 
2

29 6320 40 5301 57 9853 71 8031 92 0432 154 4792 302 7601 2040 0635 
3

"(�2 = 0; b = 0 6L) u; pw= Tv=mQi xU Q@ |}xkvRwP |xLiY T-=Q |x}w=R V}=Ri= QF= "8 pwOH
80 70 60 50 40 30 20 10 �1

15 8145 16 8701 20 1811 27 7933 43 1346 74 4831 156 6550 387 6240 
1

16 5779 22 1224 33 8485 49 9071 67 2082 105 8255 199 6505 523 5318 
2

22 4816 30 8387 51 3200 56 9403 91 9924 170 6756 265 4500 769 0154 
3

"(�1 = �2; b = 0 6L) u; pw= Tv=mQi xU Q@ |}xkvRwP |xLiY T-=Q |x} w=R V}=Ri= QF= "9 pwOH
80 70 60 50 40 30 20 10 �1 = �2

15 1900 15 7996 16 1357 17 0664 19 7443 27 8151 52 2604 166 2311 
1

14 2105 16 4567 18 3840 23 1233 33 7810 51 7710 78 6178 215 7862 
2

16 0416 18 0802 23 3524 34 0365 45 4918 56 7448 116 4707 326 0248 
3

"(�1 = �2 = 200; L = 1 m; h=L = 0 01) u; pw= Tv=mQi xU Q@ pmW |}xkvRwP xLiY `=iDQ= V}=Ri= QF= "10 pwOH
0 8 0 7 0 6 0 5 0 4 0 3 0 2 b=L

36 33 36 34 36 35 36 36 38 60 51 27 101 10 
1

54 77 54 79 54 81 58 15 74 58 83 99 118 69 
2

76 45 76 92 78 86 80 85 96 51 143 05 160 28 
3

"(�1 = �2 = 400; L = 1 m; b = 0 6L; h=L = 0 01) |}xkvRwP |xLiY |rY= Tv=mQi Q@ =yQ@}i Q=QkDU= |x}w=R QF= "11 pwOH
� \QW

90 75 60 45 30 15 0 |RQt
2 45 4 27 6 61 9 23 13 54 16 01 18 67 SSSS

13 25 13 65 16 71 27 34 33 00 38 65 41 16 CCCC
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1. B-spline �nite strip method
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%u; QO xm

Am =

R 1
c1 u (Um�1(u))2duR 1
c1 (Um�1(u))2du

;

Bm =

R 1
c1 uUm�1(u)Um�2(u)duR 1

c1 (Um�2(u))2du
(hr=8)

Cn =

R 1
v0 v (Vn�1(v))2dvR 1
v0 (Vn�1(v))2dv

;

Dn =

R 1
v0 v Vn�1(v)Vn�2(v)dvR 1

v0 (Vn�2(v))2dv
(hr=9)

p=QoDv= ?}=Q[ �?
|WvQm p}Uv=DB '|W@vH |=y|SQv= x@ \w@ Qt \@=wQ QO xOW Qy=_ |r=QoDv= ?}=Q[

%R= Ov=CQ=@a l =vQDUB QDU@ w xLiY

Imi1 =
Z 1

c1
uU 00m U 00i du; Inj2 =

Z 1

v0
Vn Vj dv;

Imi3 =
Z 1

c1
u�3 Um Ui du; Inj4 =

Z 1

v0
v4 V 00n V 00j dv

Inj5 =
Z 1

v0
V 00n V 00j dv; Inj6 =

Z 1

v0
v2 V 00n V 00j dv;

Inj7 =
Z 1

v0
v2 V 0n V 0j dv; Inj8 =

Z 1

v0
V 0n V 0j dv

Imi9 =
Z 1

c1
u�1U 0m U 0i du; Imi10 =

Z 1

c1
u�1U 00m Ui du;

Inj11 =
Z 1

v0
v2 Vn V 00j dv; Inj12 =

Z 1

v0
Vn V 00j dv

Inj13 =
Z 1

v0
v Vn V 0j dv; Imi14 =

Z 1

c1
U 00m U 0i du;

Inj15 =
Z 1

v0
v3 V 00n V 0j dv; Inj16 =

Z 1

v0
v V 00n V 0j dv

Imi17 =
Z 1

c1
u�2 Um U 0i du; Imi18 =

Z 1

c1
uUm Ui du;

Inj19 =
Z 1

v0
vV 00n V 00j dv; Inj20 =

Z 1

v0
v V 0n V 0j dv

Inj21 =
Z 1

v0
vVn V 00j dv; Imi22 =

Z 1

c1
u�2 U 00m Ui du;

CUw}B
Ot=aDt `@=wD �hr=

%CU= xOW xDiQo Q_v QO u}vJ 12 |x]@=Q QO xOW xDWwv |QU pw= |xrtH
U1(u) = '1(u)qR 1

c1 '1(u)2du
; V1(v) =  1(v)qR 1

v0  1(v)2dv
(hr=1)

QO |QwQ[ |RQt \}=QW |DU}=@  1(v); '1(u) `@=wD CU= XNWt xm Qw]v=ty
%CU= xOW u=}@ Q} R x]@=Q QO l}Uqm Cr=L xU |=Q@ xm Ovvm =[Q= =Q =yRQt

O=R;% W 6= 0; W 0 6= 0 (hr=2)

xO=U% W = 0; W 0 6= 0 (hr=3)

Q}oQO% W = 0; W 0 = 0 (hr=4)

C}akwt x@ xDU@� u; v |=yQ}eDt x@ C@Uv |Q}ojDWt |xOvyOu=Wv s}=QB u; QO xm
x�=Q= hr=1 pwOH QO hrDNt |RQt \}=QW |=Q@ ?U=vt `@=wD "CU= �xLiY RQt
Q}oQO hQ] Q=yJ =} 'xO=U hQ] Q=yJ |RQt \}=QW |=Q@ 'xvwtv u=wvax@ "CU= xOW

%R= Ov=CQ=@a `@=wD
%xO=U hQ] Q=yJ

'1(u) = (u� c1) (u� 1)

 1(v) = (v � v0) (v � 1) (hr=5)

%Q}oQO hQ] Q=yJ
'1(u) = (u� c1)2(u� 1)2

 1(v) = (v � v0)2(v � 1)2 (hr=6)

[13]%CWwv =Q MU=B |QU QDq=@ CqtH u=wD|t C}tW= � sQo Ov}=Qi R=
U2(u) = (u�A2)U1(u);

Um(u)jm�3 = (u�Am)Um�1(u)�BmUm�2(u)

V2(v) = (v � C2)V1(v);

Vn(v)jn�3 = (v � Cn)Vn�1(v)�DnVn�2(v) (hr=7)

"hrDNt |RQt \}=QW |=Q@ pw@k p@=k `@=wD �hr=1 pwOH
Q}oQO xO=U O=R;

(u� c1)2 u� c1 1 u = c1
(u� 1)2 u� 1 1 u = 1
(v � v0)2 v � v0 1 v = v0
(v � 1)2 v � 1 1 v = 1
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|=yQ}eDt x@ C@Uv |Q}ojDWt |xOvyOu=Wv ?}DQDx@ V; U `@=wD QO s}=QB u; QO xm
"CU= v; u

Inj23 =
Z 1

v0
Vn V 0j dv; Inj24 =

Z 1

v0
V 00n V 0j dv

Inj25 =
Z 1

v0
v2V 00n V 0j dv; Inj26 =

Z 1

v0
v3V 00n V 00j dv;

Imi27 =
Z 1

c1
uU 0m U 0i du; Imi28 =

Z 1

c1
u�1Um Ui du
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Imi29 =
Z 1

c1
U 0m Ui du (?1)




