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dz
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0
j + ( 1

R
Dij

12 +Bij13)wj (19)

Qix = Bji55w
0
j +Aij55uj (20)

M i
� = Dij

12u
0
j + ( 1

R
Dij

22 +Bij23)wj (21)

N i
z = Bji13u

0
j + ( 1

R
Bji23 +Aij33)wj (22)

Rix = Dij
55w
0
j +Bij55uj (23)
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Dij
11
d2uj
dx2 + ( 1

R
Dij

12 +Bij13 �Bji55)dwj
dx

Aij55uj = 0 (24)

Dij
55
d2wj
dx2 � (Bji13 �Bij55 + 1

R
Dij

12)
duj
dx

�
�
Aij33 + 1

R2D
ij
22 + 1

R
(Bij23 +Bji23)

�
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R
�

@
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= @
@z
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R= QDsm Q=}U@ u; `=aW x@ xDUwB Ct=N[ C@Uv '|UQQ@ OQwt |}xv=wDU= |xDUwB QO
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u(x; z) =
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j=1

uj(x)�j(z) (2)
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N+1X
j=1

wj(x)�j(z) (3)
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`@=D l} �j "CU= QiY y CyH QO |}=Hx@=H u=O}t Ot=aD Cra x@ w CU}v �

%CU= |a[wt Sv=Qo q ?=}uwQO

�j(z) =

8<:	(j�1)
1 = z�zj�1

tj�1 ; zj�1 � z � zj
	(j)

2 = (z(j+1)�z)
tj

; zj � z � zj+1
(4)

|=Q@ |rLt Sv=Qo q ?=}uwQO `@=D (j = 1; 2; : : : ; N w i = 1; 2) 	j
i u; QO xm

%R= Ov=CQ=@a |}=Hx@=H u=O}t x@ xHwD =@ |}=Hx@=H � VvQm \@=wQ "CU= s=j K]U

"xx = @u
@x

= @uj
@x

�j (5)

"�� = @u
@�

+ w
R

= wj
R

�j (6)

"zz = @w
@r

= @�j

@z
wj (7)


xz = @u
@r

+ @w
@x

= uj
@�j

@z
+ @wj

@x
�j (8)

|}=Hx@=H u=O}t pwyHt 2(N +1) |=Q@ pO=aD \@=wQ uwDr}t=y pY= R= xO=iDU= =@
%OwW|t xDWwv

@M j
x

@x
�Qjx = 0 (9)

@Rjx
@x
�N j

Z � 1
R
M j
� +R!j = 0 (10)

%R= Ow@ Oy=wN CQ=@a |}xv=wDU= |xDUwB CtU wO QO O=R; x=ox}mD |RQt \}=QW QO
Rix = 0

i = 1; : : : ; N + 1
M i
x = 0

(11)

"OwW|t u=}@ u}vJ x = �L QO |RQt \}=QW 'Q=OQ}o x=ox}mD QO
u(x) = 0
w(x) = 0 (12)
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xm OwW|t x_Lqt "CU= xOW xO=O u=Wv Ct=N[ |=DU=Q QO u=tr= O=OaD ?UL
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CqO=at x=oDUO wO x@ p}Uv=Qi}O CqO=at x=oDUO =yu; R= xO=iDU= =@ xm xOW

%OwW|t p}O@D |U} QD=t sQi x@ |r}Uv=Qi}O

f�g =

( fU(x)g
fW 0(x)g

)
(26)

f�g =

(fU 0(x)g
fW (x)g

)
(27)

s}y=wN CqwyHt ?}=Q[ |R=U=OH w pO=aD CqO=at QO =yQ}eDt u}= |Q=Po|=H =@
%CW=O

f�0g = [A]f�g (28)

f�0g = [B]f�g+ ffg (29)

[A][B] = [C] ; [C][U ] = [U ][�2] (30)

Q=OQ@ [�2] w [U ] "CU= xOW x�=Q=CUw}BCtUk QO ffg w [B] '[A] \@=wQ u}= QO
|}=Hx@=H u=O}t Q}O=kt jwi CqO=at pL =@ "OvDUy [C] T} QD=t |xS} w Q}O=kt w

%OwW|t x@U=Lt
f�g = [U ][cosh(�x)]fKig

+[U ][sinh(�x)]fK2g � [B]�1fFg (31)

f�g = [B][U ][�]�1[sinh(�x)]fK1g
+[B][U ][�]�1[cosh(�x)]K2 (32)

xO=iDU= =@ xm CU= pwyHt |xir-wt (2N + 2) =@ |}=yT} QD=t fK2g w fK1g
w fK1g CqwyHt uOQw; CUO x@ =@ "OwW|t x@U=Lt Q_v OQwt |RQt \}=QW R=

"OwW|t x@U=Lt |}x}qu=}t |=yVvD C}=yv QO w |}=Hx@=H u=O}t fK2g
=@ Q=OQ}o |RQt \}=QW QO w 10 |x]@=Q x@ xHwD =@ O=R; x=ox}mD |RQt \}=QW QO
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=} x = L R= |m} QO |RQt \}=QW p=ta= =@ fK1g CQwY u}= QO "Ow@ Oy=wN

%s} Q=O O=R; |RQt \}=QW QO "Ot; Oy=wN CUO x@ x = �Lh
Bij55 Dij

55
i

[B][U ][�]�1[sinh(�x)]fK1g = 0 (33)h
Dij

11 ( 1
RD

ij
12 +Bij13)

i
[U ][cosh(�x)]fK1g = 0 (34)

%CW=O s}y=wN Q=OQ}o |RQt \}=QW QO 11 CqO=at p=ta= =@ w
[P1][B][U ][�]�1[sinh(�x)]fK1g = 0 (35)

[P2][U ][cosh(�x)]fK1g = [P2][B]�1fFg (36)

%R= Ov=CQ=@a [P2] w [P1] '35 w 34 CqO=at QO xm
[P1] =

h
I O

i
(37)

[P2] =
h
O I

i
(38)

(N+1)�(N+1) QiYT} QD=tO w(N+1)�(N+1)|v=tyT} QD=tI
"CU=
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"|RQt |L=wv QO [0=90]s |Q=Pox}q =@

VvD Q=Okt xDUwB O=R; Kw]U QO "CU= QDW}@ Q=}U@ (x = 0=5L) xDUwB \Uw =@
|RQt \}=QW |v}@V}B QO |}x}q |x} Q_v CkO |xOvyOu=Wv xm OUQ|t QiY x@
"CU= xOW xO=O u=Wv 14 pmW QO [0=90]s |Q=Pox}q QO VvD u}= `} RwD "CU=
w |WWm � =yx}q QO VvD Ctqa Q}}eD Q@ xwqa OwW|t xOy=Wt xm Qw]u=ty
|m}v=mt X=wN QO Cw=iD Cra x@ R}v VvD Q=Okt u} QDW}@ '�=yx}q uOw@ |Q=Wi

"Ovm|t Q}}eD =yu; s=mLDU= w =yx}q
=@ |D} RwBt=m |xDUwB Ct=N[ x@ C@Uv �x VvD `} RwD 16 w 15 pmW QO
u}= Q=Okt u} QDW}@ "CU= xOW xO=O u=Wv [0=90]s w [90=0]s |=y|Q=Pox}q
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qQF
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rLD

|}xv=wDU= |xDUwB pw] |=DU=Q QO �xz |}x}qu=}t |WQ@ VvD `} RwD "21 pmW
"�Q=OQ}o |RQt \}=QW� |}x}qu}@ Kw]U QO [90=0]s |Q=Pox}q =@

=@ |}xv=wDU= |xDUwB pw] |=DU=Q QO �z |}x}qu=}t VvD `} RwD "22 pmW
"�Q=OQ}o |RQt \}=QW� |}x}qu}@ Kw]U QO [90=0]s |Q=Pox}q

|Q=Pox}q =@|}xv=wDU= |xDUwB pw] |=DU=Q QO �x |OwtaVvD `} RwD "23 pmW
"�Q=OQ}o |RQt \}=QW� |}x}qu}@ Kw]U QO [90=0]s

=@ xU}=kt QO OYQO 50 OwOL QO [Graphite epoxy=Kevlar epoxy]s
"CU= QDsm [Graphite epoxy=Kevlar epoxy]s|O} Q@}y Q}e |Q=Pox}q
QO |O} Q@}y C} RwBt=m QO |}x}qu=}t |WQ@ VvD xm OyO|t u=Wv R}v 20 pmW
x@ xHwD =@ u}=Q@=v@ "CU= QDsm OYQO 40 OwOL QO |O} Q@}y Q}e C} RwBt=m =@ xU}=kt
|O} Q@}y =@ u=wD|t |}x}qu=}t |=yVvD =@ xO}OB u}= \=@DQ= w jQwD |xO}OB C}ty=
xm xO}OB u}= O=H}= QO =Q |}x}qu=}t VvD QF= |}xv=wDU= |xDUwB |Q=Pox}q uOQm

"OQm xv}tm 'OwW |D} RwBt=m xR=U CUmW x@ QHvt CU= umtt
QO "CU= xOW xO=O u=Wv 23 w 22 '21 |=ypmW QO Q=OQ}o |RQt \}=QW
"CU= xOW xO=O u=Wv |}xv=wDU= |xDUwB pw] x@ C@Uv �xz |WQ@ VvD 21 pmW

|Q=Pox}q =@ |}xv=wDU= |xDUwB �zx |}x}qu=}t VvD |Oa@xU `} RwD "18 pmW
"[0=90]s

|}xv=wDU= |xDUwB pw] |=DU=Q QO �z VvD `} RwD "19 pmW
[Graphite epoxy=Kevlar epoxy]s[Graphite epoxy=Graphite epoxy]s

"z = h
4 QO [90=0]s |Q=Pox}q =@

|}xv=wDU= |xDUwB pw] |=DU=Q QO �zx VvD `} RwD "20 pmW
[Graphite epoxy=Kevlar epoxy]s[Graphite epoxy=Graphite epoxy]s

"z = h
4 QO [90=0]s |Q=Pox}q =@

x}q u}@ Kw]U QO VvD Q=Okt u} QDW}@ "O};|t QO QiY |x}q QO |WWm CQwY
xO=O u=Wv �xz |}x}qu=}t |WQ@ VvD C=Q}}eD 18 pmW QO "OyO|t MQ 90 w 0
xOy=Wt xm u=vJ "OyO|t MQ |RQt |L=wv QO =yvD VvD u}= C=Q}}eD "CU= xOW
Q=Okt u}= w OQ=O OwHw|}x}q u}@ Kw]U QO �xz |WQ@VvD Q=Okt u} QDW}@ OwW|t
"CU= xOW O=H}= xDUwB O=R; x@r wO QO u=Um} xR=Ov= =@ |Q=Wi w |WWm CQwYx@
w |O} Q@}y |D} RwBt=m |xDUwB QO VvD `} RwD 20 w 19 |=ypmW QO
|}x}q u}@ VvD Q=Okt 19 pmW x@ xHwD =@ "CU= xOW xU}=kt |O} Q@}y Q}e
uQ=kDt |Q=Pox}q =@ |O} Q@}y |Q=Pox}q QO |D} RwBt=m |xDUwB |=yx@r QO �z
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|Q=Pox}q =@|}xv=wDU= |xDUwB pw] |=DU=Q QO �� |]}LtVvD `} RwD "24 pmW
"|RQtx}L=v QO [90=0]s

=@ |}xv=wDU= |xDUwB pw] |=DU=Q QO �z |}x}q u}@ VvD `} RwD "25 pmW
"|}x}qu}@ Kw]U QO [90=0=90=0] uQ=kDt=v |Q=Pox}q

|}xv=wDU= |xDUwB pw] |=DU=Q QO �xz |}x}q u}@ |WQ@ VvD `} RwD "26 pmW
"|}x}qu}@ Kw]U QO [90=0=90=0] uQ=kDt=v |Q=Pox}q =@

"Ov=|rY= C=yH QO =yVvD u=ty z w � 'x C=yH QO xOt; CUO x@ |=yVvD
wO |x@DQt R= =yxDUwB u}= |v=QwO CaQU =@ |}xv=wDU= |xDUwB |=yVvD |x]@=Q
R= |}xv=wDU= |xDUwB |v=QwO CaQU =@ p}y|=U OOa |x]@=Q 'xH}Dv QO "CU=
QO xOt; CUO x@ p}y|=U OOa Q=Okt u} QDW}@ |xU}=kt =@ "Ow@ Oy=wN 4 |x@DQt
Q=Okt u} QDW}@ |=Q@ sRq |v=QwO CaQU xv}W}@ OwW|t xOy=Wt RDQy 200 CaQU

%R= CU= CQ=@a p}y|=U OOa
Tsai�Hill

Tsai�Hillmax = ( !
!max

)4 (45)

|x}q QO |}x}qu=}t |WQ@ VvD u=R}t O=R; |RQt \}=QW hqNQ@ Cr=L u}= QO
OyO|t u=Wv O=R; w Q=OQ}o |RQt \}=QW |xU}=kt "CU}v uQ=kDt =} 'QiY |v=}t
"CU= O=R; |RQt \}=QW R= QDW}@ Q=}U@ Q=OQ}o \}=QW QO �xz |WQ@ VvD Q=Okt
K]U QO VvD u}= Q=Okt "CU= xOW xO=O u=Wv 22 pmW QO �z |}x}q u}@ VvD
u}@ Kw]U QO "Ovm|t Q}}eD |}x}qu=}t Kw]U Q}=U QO w xOw@ QiY xDUwB |v=}t
V}=Ri= COW x@ x@r |m}ORv QO w xOw@ uQ=kDt �z VvD Q=Okt 90 w 0 |}x}q
Q@=Q@ 5 ,=OwOL x@r R= QwO |L=wv x@ C@Uv |}x}q u}@ VvD Q=Okt u} QDW}@ "O@=}|t
V}=Ri= x = 0=97L =D w xOW ẁQW x = 0=5L QO VvD V}=Ri= "CU= QDW}@

"O@=}|t Vy=m QiY Q=Okt =D TBU w O@=}|t
"CU= xOW xO=O u=Wv xDUwB pw] |=DU=Q QO �x |Owta VvD 23 pmW QO
u}@ Kw]U QOVvD C=Q}}eD "CU= QiY pO=at xDUwB |v=}t K]U QOVvD u}= Q=Okt
�x |Owta VvD Q=Okt u} QDW}@ "CU= hr=Nt Ctqa =@ w uQ=kDt 0 w 90 |}x}q
|}x}qu=}t |=yVvD =@ xU}=kt QO xm CU= 0=35MPa Q=OQ}o |RQt \}=QW QO

"CU= QDW}@ Q=}U@
xOW xO=O u=Wv 24 pmW QO xDUwB Ct=N[ x@ C@Uv �� |]}Lt VvD `} RwD
Q=Okt "OvQ@=Q@ sy =@ xm 'xOW xO=O u=Wv x@r R= QwO w |RQt |L=wv QO VvD u}= "CU=
VvD `} RwD "CU= QiY |x}q QO |]}Lt VvD Q@=Q@ 22 '90 |x}q QO VvD u}=
QO [90=0=90=0] uQ=kDt=v |Q=Pox}q =@ |}xv=wDU= |xDUwB QO �z |}x}qu=}t
|xU}=kt R= �z |}x}qu=}t VvD QO |Q=Pox}q Q}F-=D "CU= xOW xO=O u=Wv 25 pmW
QO uQ=kDt=v |Q=Pox}q QO �z VvD xv}W}@ "OwW|t xOy=Wt 6 w 25 |=ypmW
26 pmW "CU= 0=055MPa uQ=kDt |Q=Pox}q QO w 0=08MPa 'z = �h

4
�xz |}x}qu=}t |WQ@VvD Q=Okt "CU= |}x}qu=}t |WQ@VvD `} RwD |xOvyOu=Wv
0=05MPa Q=Okt u} QDW}@ |=Q=O z = �h

4 w z = h
4 |}x}q u}@ |=yK]U QO

|v=}t K]U QO �xz |WQ@ VvD Q=Okt u} QDW}@ Q@=Q@ 5 ,=OwOL Q=Okt u}= xm CU=
xOy=Wt 7 pmW =@ u; |xU}=kt w 26 pmW x@ xHwD =@ "CU= |}xv=wDU= |xDUwB
|=Q@ "CU= xOQm Q}}eD |Q=Pox}q Q}}eD =@ |}x}qu=}t |WQ@ VvD|xv}W}@ xm OwW|t
xO=iDU= p}y|=U |x} Q_v R= Q=wO |}xv=wDU= |xDUwB |v=QL@ CaQU uOQw; CUO x@
C} RwBt=m |=yVvD =@ OOa u}= |x]@=Q 'p}y|=U |x} Q_v xrO=at j@] "CU= xOW

"CU= wO |x@DQt R=
Tsai�Hill = (G+H)�21 + (F +H)�22+

(F +G)�23 � 2H�1�2 � 2G�1�3

�2F�2�3 + 2L� 223 + 2M� 213 + 2N� 212 (39)

%u; QO xm
2N = 1

S2 (40)

2L = 1
Q2 (41)

2H = 1
X2 + 1

Y 2 � 1
Z2 (42)

2G = 1
X2 � 1

Y 2 + 1
Z2 (43)

2F = � 1
X2 + 1

Y 2 + 1
Z2 (44)

z w �'x CyH QO |}=yv s=mLDU= ?}DQD x@ Z w Y 'X jwi CqO=at QO
'|D} RwBt=m |xDUwB uOw@ Ot=aDt x@ xHwD =@ "Ov=|WQ@ |}=yv s=mLDU= S w Q w xOw@
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rLD|=yVvD "OQ=O|}x}qu=}t|=yVvD|v}@V}B QO|QDW}@CkO|}x}q|x} Q_v |RQt
w |rN=O Kw]U QO O=R; |RQt \}=QW |}x}q |x} Q_v =@ xOW |v}@V}B |}x}q u}@
x} Q_v u}= |q=@ CkO Qou=Wv u}ty w &Ovvm|t =[Q= =Q |O} Q@}y |xDUwB |HQ=N
C}i=Qo |UmwB= C}i=Qo w |UmwB= Qqwm |UmwB= C}i=Qo |=ypOt |xU}=kt "CU=
|x}q QO |UmwB= C}i=Qo xm |]}=QW QO C} RwBt=m uOW |O} Q@}y O=O u=Wv |UmwB=
Q@ u; QF= w xOW |}x}qu=}t |=yVvD Vy=m x@ QHvt OW=@ xDW=O Q=Qk |]}Lt
u} QDW}@ OyO|t u=Wv hrDNt |=y|Q=Pox}q |xU}=kt "OyO|t Vy=m =Q jQwD
OwOL ?}DQD x@ [90=0]s |Q=Pox}q QO |WQ@ w |Owta |x}qu=}t VvD Q=Okt
Q}O=kt [0=90]s |Q=Pox}q QO xm |r=L QO 'CU= 0=35 MPa w 0=091 MPa

|Q=Pox}q QO "OUQ|t 0=05MPa w 0=14 MPa x@ ?}DQD x@ =yVvD u}= |@} QkD
0=09 MPa x@ ,=@} QkD '�z |}x}qu=}t VvDxv}W}@ [90=0=90=0] uQ=kDtQ}e

"CU= 0=05MPa OwOL u; QO |WQ@ VvD xv}W}@ Q=Okt w OUQ|t

xv}W}@ w xOw@ 1 pO=at p}y|=U OOa Q=Okt u} QDW}@ xm u}= x@ xHwD =@ u}=Q@=v@
CaQU 'CU= 0 0034 pO=at RDQy 200 CaQU QO xOt; CUO x@ p}y|=U OOa

"Ow@ Oy=wN RDQy 828 Q@=Q@ |}xv=wDU= |xDUwB |v=QwO |v=QL@

|Q}oxH}Dv "4
=@ |O} Q@}y |D} RwBt=m Q=wO |}xv=wDU= |xDUwB QO |}x}qu=}t |=y VvD xr=kt u}= QO
w =yx}q TvH '|Q=Pox}q C=QF= "CiQo Q=Qk |UQQ@ OQwt LWT |x} Q_v R= xO=iDU=
R= "OW EL@ |}xLiYuwQ@ w |}xLiYuwQO |=yVvD Q@ Q=OQ}o w O=R; |RQt \}=QW
w xOW xO=iDU= |}x}q |x} Q_v G}=Dv |Q=PoxLY w |UQQ@ |=Q@ OwOLt <=RH= VwQ
|L=wv QO w Ov=j@]vt sy Q@ ,=@} QkD|}x}q |x} Q_v w OwOLt <=RH=G}=Dv xm OW xOy=Wt

=yCWwv=B
1. laminated composite
2. delamination
3. interlaminar stresses
4. classic laminated theory
5. layerwise theory
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