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"qi = fu;wg =@ CU= Q@=Q@ w |twta C=YDNt qi xm CU=

Q}}eD R= Oa@ Q}D x@ pYDt C=YDNt x=oDUO� |rLt C=YDNt x=oDUO w `HQt
%OwW|t u=}@ x]@=Q p}O@D T} QD=t R= xO=iDU= =@ '�pmW

T =

2664 cos � 0 � sin �

0 1 0
sin � 0 cos �

3775 (1)

=@ xU}=kt QO |}=wy |xrY=i uOw@ Q}otWJ w =ypmW Q}}eD uOw@ nQR@ ZQi =@
|R=UpOt |=Q@ nQR@ |=vLv= ZQi =@ |rwvQ@ � Qr} w= Q}D |x} Q_v R= 'Q}DwQm}t pw]
sm =L CqO=at u=wD|t p}Uv=DB |SQv= pk=OL pY= R= xO=iDU= =@ "OwW|t xO=iDU=
|=DU=Q QO \ki Q}D VtN |x} w=R xmu}= x@ xHwD =@ "OQw; CUO x@ jwi C=}[Qi =@ =Q

[28]%OwW|t xDiQo Q_v QO u}vJ Q}D VtN |=vLv= Q=OQ@ 'CU= y
~� = �0ey (2)

QO R}v =ypmW Q}}eD QDq=@ x@DQt pt=wa |[Qa |=ypmW Q}}eD uOw@ nQR@ p}rO x@
"OwW|t ^=Lr �0 |x@U=Lt

�0 = �w00 (1 + u0) + u00w0
1 + u02 (3)

R= (�) Q}D QwLt Q@ Owta \N VNQJ |x} w=R "CU= @
@x 's}=QB Ctqa R= Qw_vt
%OwW|t x@U=Lt 4 |x]@=Q

tan � = �w0
1 + u0 (4)

CU= QiY Q@=Q@ |FvN Q=D VvQm xmu}= x@ xHwD =@ Q=OQ}oQUl} |=yQ}DwQm}t |=Q@
xm Ow@ Oy=wN 5 |x]@=Q j@=]t |v=}t |x}q |oO}Wm sOa O}k |xrO=at '(e = 0)

%OwW ^=Lr CU= sRq |R=UpOt QO
1� �1 + u0

�2 � w02 = 0 (5)

CQwY x@ 5 |x]@=Q 'OwW|t xv}tm |SQv= xm |t=ovy O}kt Sv=Qo q VwQ x@ xHwD =@
w Qwr}D \U@ R= xO=iDU= w x]@=Q u}= pL =@ "OwW|t ^=Lr |R=Uxv}y@ Ov}=Qi QO O}k

%u(0) = 0 |RQt \}=QW R= xO=iDU=
u = �1

2
Z x

0
w02dx (6)

|=Q@ u} Sv=Qo q C=YDNt QO xOW h} QaD u} Qo VvQm QwUv=D h} QaD R= xO=iDU= =@
x@p}Uv=DB |SQv=VvDpB wm R=|W=v |SQv= uOQm ^=Lr w [32w28]Q=OQ}oQUl} Q}DwQm}t
|=vLv= QwUv=D|rm Qw]x@ "OwW|t x@U=LtVvD pB wm =OD@= Qw_vtu}O@ "O};|tCUO
[21]%OwW|t ^=Lr u}vJ CU= |}x} w=R pmW Q}}eD u=}O=Qo |xH}Dv QO xm uQ=kDt
�ij = 1

2
�
@�i
@xj

+ @�j
@xi

�
(7)

QiY �21 w �12 R= Q}ex@ xOW O=} QwUv=D |=yx}=QO |t=tD 'xOW pOt Q}DwQm}t QO
%u}=Q@=v@ "CU=

�12 = �21 = 1
2
@�2
@x1

(8)

x]@=Q |LqY= VvD pB wm |x} Q_v uDiQo Q_v QO w uQ=kDt |=vLv= QwUv=D x@ xHwD =@
%CU= Q=QkQ@ =vLv= QwUv=D w VvD pB wm u}@ Q} R

mij = 2`2��ij (9)
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}�wU

wQm}
tl

}|
m}D=

DU=
|Q=

O}=B=
vp}

rLDsm =L CqO=at QO xOQ=w OOaDt |=yQDt=Q=B xm OQw;|t sy=Qi =Q u=mt= u}= |R=UOa@|@
R= QDsm u=WO=OaD xm s} wW xH=wt |Oa@|@ |=yQDt=Q=B =@ w s}vm ?}mQD Qo}Om} =@ =Q
|xO}OB l} Qoh}YwD 'xOt; CUO x@ Oa@|@ QDt=Q=B Qy "CU= x}rw= QF-wt |=yQDt=Q=B
|UQQ@ =Q |m} R}i |xO}OB Vkv u=wD|t u; C=Q}}eD =@ xm CU= XNWt |m} R}i
Oa@|@ |=yQDt=Q=B u=R}t 'OvQ=O |OwOLt=v xR=@ xm Q=OOa@ |=yQDt=Q=B hqNQ@ "OQm
Q@ x}mD =@ 25 |xrO=at |R=U Oa@|@ u}=Q@=v@ "OQ=O Q=Qk XNWt |xOwOLt l} QO

%OQ}PB|t s=Hv= Q} R Oa@|@ |=yQDt=Q=B
x̂ = x

L
; ŵ = w

d
; Mr = M

mL
; k = d

L
;

� = "ApL3

2EId3 ; V̂DC =
p
�VDC ; f = 0 65 d

lp
(26)

%O};|t CUO x@ Q} R CmQL |xrO=at '25 |xrO=at |R=U Oa@|@ R= TB�
1 + `2�A

EI

�
d4ŵ
dx̂4 + k2 �ŵ0ŵ002 + ŵ

02ŵ000
�0

+k2`2�A
EI

�
ŵ0ŵ

002�0 = (1 + f(1� ŵ)) V̂ 2
DC

(1� ŵ)2 �1(x̂)

(27)

%|RQt \}=QW =@
w(0) = 0; w0(0) = 0; w00(1) = 0; w000(1) = 0 (28)

Qou=Wv h` =} `2AI CQ=@a 'I}�wUwQm}t|}=Hx@=H xOW Oa@|@ p}Uv=Qi}O |xrO=at QO
nQR@ |=vLv= |x} Q_v Vkv Qou=Wv k "CU= sDU}U |}=Hx@=H Q@ xR=U O=a@= Vkv
|xrO=at QO xJv=vJ "CU= x=wo sQH h=Q]= |}x}W=L |=yu=O}t COW Qou=}@ f w
|]N Q}e l}Uqm CqO=at 'OwW hPL xR=U O=a@= Vkv x@ \w@ Qt CQ=@a 27
Qo = u}vJty "O};|t CUO x@ [31]u=Q=mty w |HQD=J \UwD xOW s=Hv= VywSB QO
xOW x�=Q= |]N l}Uqm Q}e pOt 'OwW QiY k nQR@ |=vLv= Qoh}YwD QDt=Q=B

"OwW|t pY=L [34]u=Q=mty w OQi|}=yQ \UwD
u=mt x@ xDU@=w |xQ}eDtlD C=kDWt =@ |]N Q}e |xrO=at l} '28 |xrO=at
|Q=O}=B=v p}rLD w MU=B uOQw; CUO x@ |=Q@ u}mQro |r}rLDxt}v VwQ R= "CU=
CQwY x@ u=wD|t =Q (ŵ) Q}D |m}D=DU= |}=Hx@=H Qw_vtu}O@ [35w6]"OwW|t xO=iDU=

%OQm u=}@ |]N pkDUt `@=wD R= |]N |@}mQD
ŵ (x̂) =

X
ai�i(x̂) (29)

|W=aDQ= |=yOwt pmW R= u=wD|t |rm Qw]x@ "Ov=?} QkD `@=wD =y�i(x̂) u; QO xm
O=R; C=W=aDQ= |xrO=at pL x@ xHwD =@ "OQm xO=iDU= u}mQro ?} QkD `@=wD u=wva x@ Q}D

[36]%O};|t CUO x@ s=i Owt pmW |=Q@ 30 |x]@=Q 'Q}D
�i (x̂) =A cos (�ix̂) +B sin (�ix̂) +D cosh (�ix̂)

+D sinh (�ix̂) (30)

p@=k Qo}O ?} Q[ l} ?ULQ@ jwi |xrO=at ?} Q[ xU |RQt \}=QW x@ xHwD =@ xm
?} QkD `@=D Q=OQ}oQUwO |RQt \QW |=Q@ "OwW|t u}}aD �i ?} Q[ w CU= u=}@

%OwW|t u}}aD u}vJ �Q}D Owt pmW�
�i (x̂) = cosh�ix̂� cos�ix̂� (cosh�i � cos�i)

(sinh�i � sin�i)

� (sinh�ix̂� sin�ix̂) (31)

Q}DwQm}t |=Q@ 17 |x]@=Q 'Q}D |=Q@ p}Uv=DB |SQv= xv}tm pY= |Q}oQ=m x@ =@
%O};|t CUO x@ |m}D=DU= |xDUUo |=ysDU}U |=Q@ Sv=Qo q |x]@=Q =@ x@=Wt

@`g
@qi
� @
@x

�
@`g
@q0i

�
+ @2

@x2

�
@`g
@q00i

�
= �Qi (17)

%R= Ow@ Oy=wN CQ=@a x]w@ Qt |RQt \}=QW w��
@`g
@q0i
� @
@x

�
@`g
@q00i

��
�qi
�x=L

x=0
= 0�

@
@x

�
@`g
@q00i

�
�q0i

�x=L

x=0
= 0 (18)

"CU= w(x) w u(x) Qou=}=tv qi u; QO xm
\U@ w 16 |x]@=Q QO 18 w 17 \@=wQ p=ta= w qi = u(x) uO=O Q=Qk =@

%OW Oy=wN xDWwv u}vJ Q}D |rw] CmQL CqO=at '4 |x@DQt =D G}=Dv
�
�
�1 + u0

��0 + EA

 
u0 + w02

2
!0

+ EI
�
w0w000

�0 = 0 (19)

%|RQt \}=QW =@
u (0) = 0
�
�1 + u0

�
+ EA

 
u0 + w02

2
!

+D2
�
w0w000

���
x=L = 0 (20)

\}=QW p=ta= w L =D x R= |Q}op=QoDv= '19 |xrO=at QO 6 |x]@=Q |Q=Po}=H =@
%O};|t CUO x@ � Q=Okt '20 |RQt

� = 1
1 + u0

��EI �w0w000�� (21)

QDt=Q=B '4 |x@DQt =D |=yCQ=@a uDiQo Q_v QO w 21 |x]@=Q QO 1
1+u0 Qwr}D \U@ =@
%=@ CU= Q@=Q@ Sv=Qo q

� = �EI �w0w000� (22)

u |Q=Po}=H '16 |x]@=Q QO 18 w 17 \@=wQ p=ta= w qi = w(x) uO=O Q=Qk =@
pB wm C=QF= uDiQo Q_v QO =@ R}v w '4 |x@DQt =D MU=B uDWwv w 22 w 6 \@=wQ R= � w

%R= Ow@ Oy=wN CQ=@a I}�wUwQm}t |}=Hx@=H |xrO=at '|LqY= VvD�
EI + `2�A

�
wIV =� EI � �w0w002 + w

02w000
�0 � `2�A

� �w0w002�0 + F3 (23)

%Q} R |RQt \}=QW =@
w(0) = 0; w0(0) = 0; w00(L) = 0; w000(L) = 0 (24)

%23 |x]@=Q QO l}D=DU=wQDmr= |wQ}v |Q=Po}=H =@�
EI + `2�A

�
wIV + EI � �w0w002 + w

02w000
�0

+`2�A
�
w0w

002�0 = "ApV 2
DC

2(d� w)2

�
1 + 0 65d� w

lp

�
�L(x)

(25)
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2|
xQ=t

W'
34

�3
xQwO

'�1
39

7R}
}=B�

h}
QW

l}
v=mt

|U
Ovyt |xrLQt QO l}D=DU=wQDmr= |wQ}v w |]N Q}e |=ysQD pt=W F �ŵ(i)

�
u; QO xm
%CU= i

F
�
ŵ(i)

�
=� k2 �ŵ0(i)ŵ00(i)2 + ŵ

0(i)2ŵ
000(i)

�0
� k2`2�A

EI

�
ŵ
0(i)ŵ

00(i)2�0
+
�
1 + f(1� ŵ(i))

� V̂ 2
DC

(1� ŵ(i)2)�1(x̂) (39)�
ŵ(i)

�
i|xrLQtMU=B R= 38 |xrO=at QO �CU=QCtU� wQ}vCtUk VwQu}= QO

CQwYx@ xm � wQ}v u}= 'Q}D |wQ x]kv |yHwD p@=k O=OaD ?=NDv= =@ w xOW x@U=Lt
TBU "OwW|t `} RwD |}x]kv |=ywQ}v CQwY x@ u; |wQ �CU= xOQDUo Q=@ l}
w xOt; CUO x@ ZwQit |}x]kv |=ywQ}v x@ xHwD =@ 38 |xrO=at AJ CtU MU=B
xt=O= QO "O};|t CUO x@ ŵ(i+1) MU=B '|}x]kv |=yQ=@ MU=B ẁtHt R= xO=iDU= =@
w xOW |v=UQRwQx@ i+ 1 |xrLQt MU=B R= xO=iDU= =@ xrO=at CU=Q CtU |wQ}v
=} OwW pY=L |}=Qoty =D Ovm|t =O}B xt=O= QOku; Ov}=Qi u}= "OwW|t Q=QmD jwi OvwQ
QiY pw= |xrLQt MU=B 'pL ẁQW |=Q@ "ODi}@ j=iD= |Q=O}=B=v 'X=N S=Drw l} QO
w OwOLt <=RH= uw}UqwtQi R= xO=iDU= =@ p=L "

�
ŵ(1) = 0

�
OwW|t xDiQo Q_v QO

Qy ?=}uwQO pmW `@=wD 'OwW|t x@U=Lt |m}D=DU= |}=Hx@=H 'Q}DwQm}t |Ov@u=tr=
%OwW|t xDiQo Q_v QO u}vJ u=tr= Qy pN=O |}=Hx@=H w |D}tQy CQwY x@ u=tr=
ŵe = [N1 N2 N3 N4] fWge = [N ] fWge (40)

u=tr= |=yxQo ?}W w |}=Hx@=H Q=OQ@ fWge w pmW `@=wD T} QD=t N u; QO xm
%CU=

fWge =

8>>>>><>>>>>:
W1
�1
W2
�2

9>>>>>=>>>>>; (41)

wQ}v Q=OQ@ w |DNU T} QD=t '�27� p}Uv=Qi}O |xrO=at |R=Uh}a[ VwQ p=ta= =@
%OwW|t x@U=Lt Q} R CQwY x@ u=tr= Qy QO

[Ke] =
�
�Al2

EI
+ 1
�Z xe2

xe1

@2fNg
@x̂2

@2fNgT
@x̂2 dx̂

=

�
�Al2
EI + 1

�
le

�

2666664
12 6le �12 6le
6le 4l2e �6le 2l2e
�12 �6le 12 �6le
6le 2l2e �6le 4l2e

3777775 (42)

fFge =
Z xe2

xe1
[N ]T

�
�k2 �ŵ0ŵ002 + ŵ

02ŵ000
�0

� k2`2�A
EI

�
ŵ0ŵ

002�0
+ (1 + f(1� ŵ))� V̂ 2

DC

(1� ŵ)2 �1(x̂)
�
dx̂ (43)

"CU= Q}D u=tr= pw] le xm
xi=[= QN; xQo pw= |O=R; xHQO x@ l}D=DU=wQDmr= |wQ}v '=yDv= u=tr= |=Q@
Q=Okt 'ŵ |=Q@ x}rw= TOL l} x@ xHwD =@ =yT} QD=t uOQmQ=wU R= Oa@ "OwW|t

%O};|t CUO x@ Q} R x]@=Q j} Q] R= w |RQt \}=QW R= xO=iDU= =@ �i xm
cosh�i cos�i � 1 = 0 (32)

xO=U x=ox}mDQUwO |RQt \QW |=Q@ "�1 = 4 73 %=@ CU= Q@=Q@ u; pw= xW} Q xm
%O};|t CUO x@ Q} R CQwY x@ Owt pmW

�i (x̂) = sin (i�x̂) (33)

[36]%=@ CU= Q@=Q@ =yOwt pmW u=ty =} ?} QkD `@=wD Q=OQ}oQU l} |RQt \QW |=Q@ w

�i (x̂) = cosh�ix̂� cos�ix̂� (cosh�i + cos�i)
(sinh�i + sin�i)

� (sinh�ix̂� sin�ix̂) (34)

%OwW|t u}}aD 35 |x]@=Q R= xO=iDU= =@ w |RQt \}=QW |=[Q= j} Q] R= �i xm
cosh�i cos�i + 1 = 0 (35)

OQ=O xW} Q C}=yv|@ 'xOt; CUO x@ |RQt \}=QW p=ta= xH}Dv QO xm jwi |xrO=at
jwi |xrO=at pL =@ "OwW|t xDiQo Q_v QO pw= Owt pmW |=Q@ 'u; pw= |xW} Q xm
Q}DwQm}t Owt l} ZQi uDiQo Q_v QO =@ "OwW|t �1 = 1 875 =@ Q@=Q@ pw= |xW} Q

%=@ CU= Q@=Q@ |m}D=DU= |}=Hx@=H MU=B 'Q=OQ}oQUl}

ŵ (x̂) = a� (36)

=@ xm CU= pwyHt ?} Q[ l} a w Q=OQ}oQUl} Q}D pw= Owt pmW � u; QO xm
QO =Q 36 |x]@=Q 'u}mQro VwQ j@] "OwW|t u}}aD |m}D=DU= |}=Hx@=H u; u}}aD
R= |Q}op=QoDv= w � QO O}OH |xrO=at uOQm ?Q[ =@ w xOQm |Q=Po}=H 27 |x]@=Q
CUO x@ a pwyHt =@ Q} R |]N Q}e |Q@H |xrO=at '0 � x � 1 xR=@ |wQ u;

%O};|t�
1 + `2�A

EI

�Z 1

0
�IV � �dx̂�a = �k2

Z 1

0

�
�0�002 + �02�000

�0
��dx̂� a3 � k2`2�A

EI

Z 1

0

�
�0�002

�0 � 'dx̂�a3

+ (1 + f (1� �(1)a)) V̂
2
DC � �(1)

(1� �(1)a)2 (37)

s=Hv= |Q=Ri=sQv \}Lt QO uwUi=Q uDw}v VwQ R= xO=iDU= =@ jwi |xrO=at pL
|=yS=Drw QO |m}D=DU= |}=Hx@=H '31 |x]@=Q R= xO=iDU= w a u}}aD =@ "OQ}PB|t
|m}D=DU= |}=Hx@=H |UQQ@ j} Q] R= |m}D=DU= |Q=O}=B=v w xOW u}}aD hrDNt
OwOLt <=RH= w Q=QmD Q@ |vD@t |OOa VwQ wO R= xO=iDU= =@ xt=O= QO "OwW|t |UQQ@
MU=B =@ MU=B wO u}= G}=Dv CtUk QO w xOt; CUO x@ I}�wUwQm}t MU=B =OOHt
R= ,=OOHt 27 |xrO=at =OD@= =DU=Q u}ty QO "OwW|t xU}=kt u}mQro |r}rLD xt}v
CQwY x@ 27 |xrO=at Qw_vt u}O@ "OwW|t pL Q=QmD Q@ |vD@t |OOa VwQ j} Q]

%OwW|t xDiQo Q_v QO 38 |x]@=Q�
1 + `2�A

EI

�
d4ŵ(i+1)

dx̂4 = F
�
ŵ(i)

�
; i = 1; 2; ::: (38)
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DU=
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rLD

u}mQro VwQ wO R= xO=iDU= =@ S=Drw?UL Q@ I}�wUwQm}t |=yDv=|}=Hx@=H "2 pmW
"|OOa w

"OwOLt <=RH= w u}mQro |=yVwQ G}=Dv |xU}=kt "3 pmW

|=Q@ xOW p=ta= S=Drw ?ULQ@ I}�wUwQm}t |=yDv= |m}D=DU= |}=Hx@=H "4 pmW
"h=l hrDNt Q}O=kt

QDt=Q=B =@ xU}=kt QO Q}D Ct=N[ Vy=m =@ 'OyO|t u=Wv 4 pmW xm xvwou=ty
O=H}= |QDnQR@ S=Drw QO |Q=O}=B=v w xOW QDsm|m}D=DU=|}=Hx@=H u=R}t 'pw] T=}kt
xm � |LqY= VvD pB wm |x} Q_v uDiQo Q_v QO =@ xm OyO|t u=Wv u}= "OwW|t
|R=UpOt QO Q}D Ct=N[ x@ pw] T=}kt QDt=Q=B C@Uv QDt=Q=B uOW xi=[= Ea=@
QO I}�wUwQm}t w xDi=} V}=Ri= xR=U |DNU 'h=l C@Uv V}=Ri= =@ '�CU= xOW

Q=OQ@ u=R}t 44 |x]@=Q R= xO=iDU= =@ TBU w xOW x@U=Lt �pm wQ}v Q=OQ@� fFg
%OwW|t u}}aD fWg =yxQo ?}W w |}=Hx@=H

fWg = [K]�1 fFg (44)

=@ p=L "CU= |RQt \}=QW p=ta= R= TB =yu=tr= pm |DNU T} QD=t [K] u; QO xm
QwmPt OvwQ w OwW|t x@U=Lt ,=OOHt fFg 'ŵ u}}aD w fWg |x@U=Lt x@ xHwD

"OwW|t Q=QmD fWg |}=Qoty =D

G}=Dv "3
lJwm �QDtwQm}t 1 Q} R� Q}DwQm}t Ct=N[ xJv=vJ Q=OQ}oQUl} |=yQ}DwQm}t |=Q@
|S=Drw p=ta= u=mt= '�OwW nQR@ OwQDmr= K]U� OW=@ xHwD p@=k x=wo sQH O=a@= w OwW
Ct=N[ Vy=m x@ xHwD =@ Cr=L u}= QO "OwW|t sy=Qi 'Ovm|t O=H}= |Q=O}=B=v xm
QO CU= sRq '�pw] T=}kt QDt=Q=B |xOwOLt QO Ct=N[ uDiQo Q=Qk� Q}DwQm}t
Q_v QO R}v O=a@= x@ xDU@=w pt=wa Vkv nQR@ |=vLv= |=Q=O |=yQ}DwQm}t |R=UpOt
pB wm |x} Q_v 'nQR@ |=vLv= R= |W=v C=QF= Q@ xwqa Q=DWwv u}= QO u}=Q@=v@ "OwW xDiQo
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