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u}vJty "OwW|t =RHt w xDUw}B |x}L=v wO QO u; Qwy_ ?@U |}x@ Q[ Q=@ u=R}t QO lOv=
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x=oO}O T=U= Q@ Q=DiQ u}= Qwy_ |=Q@ |Q=}at 'Q}D |SQv= |=yQ=Owtv |UQQ@ =@ u}=
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'hrDNt |=yVwQ R= xOt; CUO x@ |=yMU=B QO |D=iqDN= RwQ@ x@ QHvt |O=aQ}e
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xJQy xm |}=ypOt |xaUwD =} QDO}OH |=ypOt |x�=Q= 'u; hrDNt |=yx@vH QDj}kO
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MU=B |R=Ux}@W |=Q@ =Q LS-DYNA OwOLt |=RH= |Q=HD xDU@ [13]u=Q=mty w
CLD |m}D=DU= Q=@V}B l} =@ =OD@= QO xm '|}x}qlD l@Wt |=yOU |OwyWO=B
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|O=aQ}e |=yMU=B xJQo = "CU= xOW x�=Q= [15]`HQt QO '|m}t=v}O Q=@CLD |Q}tN
'CU= |}x@ Q[ CaQU CyH hqN QO |}=yv |=y|}=Hx@=H |=Q=O [15w1]`H=Qt
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xOy=Wt |xO}OB xm CU= K[=w u}=Q@=v@ w CU= C=W}=tR; pm OYQO x=HvB OwOL
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R= xO=iDU= =@ |OOa CQwY x@ =yOa@ [15]`HQt V}=tR; x@ \w@ Qt |=yQ}D |O=aQ}e
|R=UpOt Q=Ou}B |=yQ}D |=Q@ [16]u}m w |r\UwD ANSYS/LS-DYNA xt=vQ@
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|Q}D |=yxvwtv |wQ =Q |Qo}O C=W}=tR; [1]'w} w ROvwt}=U \UwD xOW |v}@V}B
u}= VN@C}=[Q s=Hv= sy R=@ xm =Hu; R= "OvO=O s=Hv= sw}v}twr; S=}r; TvH R=
|=yxvwtv R= C=W}=tR; u}= QO 'CU= Q=wWO Q=Ou}B |=yDv= =@ |=yQ}D |=Q@ C=W}=tR;
xm OvDiQo Q=m x@ =Q |}xO=U |xw}W =yv; "CU= xOW xO=iDU= C@=F ,qt=m |=yDv= =@ |Q}D
|R=U=yQTBU w xvwtv |wQ x}rw=VWm O=H}= |xr}Uw x@ '|}x@ Q[ |Q=PoQ=@ 'u; QO
36 ẁtHt R= xm OyO|t u=Wv C=W}=tR; u}= G}=Dv "CU= xOW |R=Ux}@W u; |v;
|r}tLD R}N hr=Nt CyH QO |t�=O R}N '=yv; |=DwO QO \ki xDiQo CQwY V}=tR;
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L=2Z
0

(T 0 � �bh�u)�udx = 0
L=2Z
0

[M
00

+ (Tw0)
0

+ p(x)� �bh �w]�wdx = 0 (4)

xO=iDU= t w x x@ C@Uv |Q}ojDWt |=Q@ x]kv w s}=QB |=yxv=Wv R= =Hv}= QO
%R= CU= CQ=@a x = 0 |=Q@ xr�Ut QO OwHwt |RQt \}=QW "CU= xOW

u = w0 = M 0 = 0for x = 0 (5)

%R= CU= CQ=@a x = L=2 |=Q@ uQ=kD \}=QW u}vJty w
u = w = M = 0for x = L=2 (6)

\}=QW w 5 |RQt \}=QW |x_Lqt w 4 CqO=at R= <RH x@ <RH |Q}op=QoDv= =@
%CiQo xH}Dv u=wD|t 6 uQ=kD

L=2Z
0

(T�u0 + �bh�u�u)dx = 0
L=2Z
0

(M�w00 � Tw0�w0 + p(x)�w � �bh �w�w)dx = 0 (7)

'8 \@=wQ pmW x@ w w u |=y|}=Hx@=H ?} QkD =@ xm OyO|t u=Wv [7]=y|UQQ@
|rw@k p@=k CkO =@ |OwyWO=B Q=DiQ MU=B 'uQ=kD w |RQt \}=QW |=[Q= Q@ xwqa

%OwW|t G=QNDU=

u = A1Lsin
2�x
L

+A2Lsin
4�x
L

+A3Lsin
6�x
L

w = B1hcos
�x
L

+B2hcos
3�x
L

+B3hcos
5�x
L

(8)

|=Q@ 9 CqO=at '|Q}op=QoDv= s=Hv= w 7 sm =L CqO=at QO \@=wQ u}= |v} Ro}=H =@
%OwW|t pY=L Ai(i = 1; 2; 3:) ?}=Q[

�Ai = �8i�
�� 1

�bhL3

� L2s
0
Tcos2i�x

L
dx
�
(i = 1; 2; 3:) (9)

%R= Ov=CQ=@a Bi(i = 1; 2; 3:) ?}=Q[ Q@ sm =L CqO=at u}vJty
�B1 = �4�2

�bhL3 (Q11B1 + 3Q12B2 + 5Q13B3)

� 4�2

�bh2L3R1 + 4p
�bh2� sin(�a

L
)

�B2 = �12�2

�bhL3 (Q21B1 + 3Q22B2 + 5Q23B3)

� 36�2

�bh2L3R2 + 4p
3�bh2� sin(3�a

L
)

�B3 = �20�2

�bhL3 (Q31B1 + 3Q32B2 + 5Q33B3)

� 100�2

�bh2L3R3 + 4p
5�bh2� sin(5�a

L
) (10)

"xO=U x=ox}mD =@ Q}D |wQ |Q=PoQ=@ "1 pmW

"(v = 0=3) u=U=wB C@Uv w (�Y 0 = 0=3 � 109N=m2) x}rw= s}rUD OL
QO pt=m |Q}tN � |v=UWm CQwY x@ =OD@= 'Q}D xO=t Q=DiQ 'j}kLD R= xrLQt Qy QO
'|]N l}D=tv}U |oOvwWCNU pOt l} R= xO=iDU= =@ TBU w OwW|t xDiQo Q_v

"OwW|t xar=]t |OwyWO=B MU=B QO |oOvwWCNU C=QF=

5u}mQro VwQ "2"2
u}= "OwW|t xDN=vW |vRw |xOv=t|k=@ |=yVwQ R= |m} u=wva x@ 'u}mQro VwQ
|v=UWm |=yQ}D |OwyWO=B |m}t=v}O Q=DiQ R}r=v; |=Q@ [6]l}Br \UwD =OD@= 'VwQ
=@ w u}mQro |O=yvW}B |OOa pOt |xaUwD =@ 'j}kLD u}= QO "OW O=yvW}B |Q}tN �
Q=DiQ QO |oOvwWCNU C=QF= Q=@ u}rw= |=Q@ O}OH |O=yvW}B sD} Qwor= l} |x�=Q=
xar=]t |}x@ Q[ Q=@ CLD Q=Ou}B |Q}tN � |v=UWm |=yQ}D |OwyWO=B |m}t=v}O

"OwW|t
sm =L CqO=at "1"2"2

[7]%R= Ov=CQ=@a �1 pmW� |Q}tN � |v=UWm Q}D CmQL Q@ sm =L CqO=at
@T
@x

= �bh@
2u
@t2

@2M
@x2 + @

@x
(T @w

@x
) + p(x) = �bh@

2w
@t2 (1)

|}=Hx@=H u 'u=tR t '1 pmW j@=]t C=YDNt |=yQwLt z w x \@=wQ u}= QO
pw] 2a w 6|Q=PoQ=@ COW p u}= Q@ xwqa "CU= |r=oJ � w R}N w '|QwLt
p(x) = p Q@=Q@ 'jxj < a |=Q@ |Q=PoQ=@ `@=D xm |}xvwo x@ CU= |Q=PoQ=@ |x}L=v
u=tt M w |QwLt |wQ}v T u}vJty "CU= p(x) = 0 Q@=Q@ jxj > a |=Q@ w

%OvwW|t u}}aD Q} R \@=wQ T=U= Q@ xm Ov=|WtN

T (x; t) =

L=2Z
�L=2

�(x; z; t)bdz

M(x; t) =

L=2Z
�L=2

�(x; z; t)bzdz (2)

Oa@ uwO@ |QwLt pmW Q}}eD u}@ |x]@=Q [7]'hyWQ}m C=}[Qi R= xO=iDU= =@
R= CU= CQ=@a w w u |=y|}=Hx@=H w

" = u0 +
� h
L
�2(0 5w02 � zw00) (3)

w xUOvy uQ=kD R= xO=iDU= =@ w u}mQro VwQ ltm x@ 1 CqO=at |Q}op=QoDv= =@
x 2 (0; L=2) u; QO xm Q}D |xt}v l} |x_Lqt w xr�Ut QO OwHwt |Q=PoQ=@
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OwyW

O=B|
m}t

=v}O
Q=DiQ

|O
Oa

R}r=v
;|oOvwWCNUpmWu} QDxO=U R= '|oOvwWCNUC=QF= |x_Lqt |=Q@j}kLDu}= QO

ẁv u}= QO "OwW|t xO=iDU= |]N l}D=tv}U |oOvwWCNU |va} 'l}D=tv}U
VvD x@ \w@ Qt ��Y |W}=Ri= C=Q}}eD Qy |=Q@ xm OwW|t ZQi |oOvwWCNU
xDW=O OwHw Q=Wi QO s}rUD VvD |=Q@ ���Y |W}=Ri= C=Q}}eD 'VWm QO s}rUD
u}= w Ovm|tv Q}}eD u=UWm |x}L=v |xOwOLt xm CU=vat u=O@ u}= "Tmar=@ w OW=@
|Q=PoQ=@ x@ \w@ Qt VvQm � VvD C=Q}}eD Q=Owtv "OwW|t pkDvt |oO=U x@ x}L=v
2 pmW QO |]N l}D=tv}U |oOvwWCNU =@ |Q}tN � |v=UWm |xO=t |}xQwO
u=UWm pmW Q}}eD =@ Q_=vDt (I) |x}L=v 'Q=Owtv u}= QO "CU= xOW xO=O u=Wv
w |Q}tN |WWm |Q=PoQ=@ =@ Q_=vDt ?}DQD x@ (IV) w (II) |L=wv "CU= Xr=N
OyO|t MQ u=UWm |Q=OQ@ Q=@ (III) |x}L=v QO "OvDUy |Q}tN |Q=Wi |Q=PoQ=@

"CU= OOHt u=UWm |Q=PoQ=@ =@ Q_=vDt (V) |x}L=v w
�17 |x]@=Q� 12xOW pkDvt s}rUD `@=D xm OwW|t ZQi 'Q[=L |xr�Ut QO

%OW=@ s}rUD Q@ sm =L
f(�; �; �Y 0) = j� � �j � �Y 0 � 0 (17)

Q=Okt |xr}Uw x@ w CU= �� = 0 |x}rw= Q=Okt =@� 13xv}tR VvD � '=Hu}= QO
C=YDNt 'Qo}O CQ=@a x@ &OwW|t u}}aD Q=Wi w VWm QO =yVvD |Q@H \UwDt
\QW u}vJty "CU=yVvD QwLt |wQ ��Y r w �Y r u}@ |v=}t |x]kv VvD

%OwW|t u=}@ u}vJ 14|Q=oR=U
_f(�; �; �Y 0) = 0 (18)

|oOvwWCNU QO xm u}= x@ xHwD =@ w xOW pkDvt VvD `@=D x@ \QW u}= p=ta= =@ xm
%xm CiQo xH}Dv u=wD|t 'CU= _�Y 0 = 0 l}D=tv}U

sign(� � �)( _� � _�) = 0) _� = _� (19)

QHvt w OyO MQ s}rUD 'Q=Wi =} VWm QO xm OW=@ |}xvwo x@ |Q=PoQ=@ Q=Okt Qo = p=L
VvQm C=Q}}eD MQv xR=Ov= xJv=vJ x=ov; 'OwW |} RH |Q}tN |QwLt VvQm O}rwD x@

%xm CiQo xH}Dv u=wD|t 'OwW xO=O u=Wv _� > 0 =@ 15|Q}tN

_"p =

8<:+ _�; if � > 0
� _�; if � < 0

(20)

xR=Ov= |xOvQ}oQ@ QO xm ' _"p16|Q}tN VvQm C=Q}}eD MQv |=Q@ u=} QH |xOa=k u}=Q@=v@
|} RH jDWt |xr}Uwx@ xm � u; CyH u}vJty w _� |Q}tN VvQm C=Q}}eD MQv

l}D=tv}U |oOvwWCNU =@ |Q}tN � |v=UWm |xO=t VvQm � VvDQ=Owtv "2 pmW
"|]N

Ov=CQ=@a Ri(i = 1; 2; 3:) w Qij(i; j;= 1; 2; 3:) ?}=Q[ 'CqO=at u}= QO
%R=

Qij =

L=2Z
0
Tsin[ (2i� 1)�x

L
] sin[ (2j � 1)�x

L
]

dx = Qji(i; j = 1; 2; 3:) (11)

Ri =

L=2Z
0
Mcos[ (2i� 1)�x

L
]dx(i = 1; 2; 3:) (12)

=@ "OwW|t xO=iDU= Q}D VvD uwO@ C}a[w R= xr�Ut |OOa R}r=v; ẁQW |=Q@
|=ywQ}v u=wD|t 'Q_v OQwt u=tR QO w Q}D R= x]kv Qy |=Q@ VvD u=O}t |x@U=Lt
|=yp=QoDv= u; T=U= Q@ w G=QNDU= 2 \@=wQ R= =QM |WtN |=yu=tt w T |WWm
?}=Q[ 10 w 9 CqO=at ltm x@ u=wD|t TBU "OQm x@U=Lt =Q 12 w 11
?}=Q[ "OQm x@U=Lt t |x_Lr QO =Q �Bi(i = 1; 2; 3:) w �Ai(i = 1; 2; 3:)
t+�t|x_Lr QO =yv; |v=tR C=Q}}eD wBi(i = 1; 2; 3:) wAi(i = 1; 2; 3:)
VwQ R= xO=iDU= =@ u=wD|t R}v =Q _Bi(i = 1; 2; 3:) w _Ai(i = 1; 2; 3:) |va}
xt=O= =Q pL x=Q sD} Qwor= w OQm x@U=Lt 13 \@=wQ |xr}Uw x@ w 7OwOLt p[=iD

"O=O

Ai(t+ �t) = �Ai(t)�t2 + 2Ai(t)�Ai(t��t)

_Ai(t+ �t) = 2 �Ai(t)�t+ _Ai(t��t)

Bi(t+ �t) = �Bi(t)�t2 + 2Bi(t)�Bi(t��t)

_Bi(t+ �t) = 2 �Bi(t)�t+ _Bi(t��t)(i = 1; 2; 3:) (13)

xOW O=H}= C}OwOLt O}=@ =yVvD |Q}oQ=m x@ R= p@k w |OOa R}r=v; R= xrLQt Qy QO
'xt=O= QO "OQm p=ta= =yv; Q@ =Q Q}D xO=t Q=DiQ Q@ sm =L VvQm � VvD \@=wQ |xr}Uw x@
8|]N l}D=tv}U |oOvwW CNU =@ |Q}tN � |v=UWm CQwY x@ Q}D xO=t Q=DiQ
|ovwoJ sD} Qwor= w Q=DiQ u}= Q@ sm =L CqO=at 'xt=O= QO "CU= xOW xDiQo Q_v QO
"OwW|t u=}@ =yVvD K]U Q@ xO=t Q=DiQ |xr}Uw x@ xOW O=H}= C}OwOLt p=ta=

|oOvwWCNU \@=wQ w VvQm � VvD CqO=at "2"2"2
VN@ wO x@ 'pm |QwLt VvQm 'OW=@ x}rw= s}rUD VvD R= QD=Qi xm |}x]kv Qy QO

%xm |}xvwo x@ [19]CU= x} RHD p@=k "p |Q}tN w "e |v=UWm

" = "e + "p (14)

xOW XNWt |]NwO |x]@=Q l} \UwD 'VvQm � VvD |vLvt xm u}= ZQi =@
w 9nv=} pwOt =} |v=UWm |x}L=v QO VvQm � VvD |vLvt ?}W E u; QO xm OW=@
'OW=@ 10Cv=Sv=D pwOt =} s}rUD |x}L=v R= QD=Qi QO VvQm � VvD |vLvt ?}W Er

%R= CU= CQ=@a |Q}tN � |v=UWm Q}D Q=DiQ Q@ sm =L 11u}O=}v@ |xrO=at
� = E"e = E("� "p) (15)

VvD |v=tR jDWt 'OvQw;|t OwHw x@ |QDW}@ |Q}tN VvQm xm |}=yQ=@ |=Q@ u}=Q@=v@
%=@ CU= Q@=Q@ |QwLt

_� = E( _"� _"p) (16)
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|U
Ovyt

"l}D=tv}U |oOvwWCNU sD} Qwor= "3 pmW

Q=DiQ |xr}Uw x@ xOW O=H}= C}OwOLt u=wD|t 'CU= xOW s}UQD |UOvy CQwY
u}}aD u}vJty w =yVvD K}LYD pL=Qt =Pr "CiQo Q_v QO =Q =yVvD K]U Q@ xO=t
Q=DiQ C=}YwYN R= |W=v C}OwOLt |x_Lqt =@ s}rUD K]U |Q=H C}akwt

%CU= Q} R KQW x@ Q}D xO=t
|UQQ@ %2 |xrLQt &24 |x]@=Q R= xO=iDU= =@ �trn+1 |x@U=Lt %1 |xrLQt
|v} Ro}=H R= '\QW u}= |Q=QkQ@ sOa CQwY QO "j�trn+1 � �nj > �Y 0 \QW
%3 |xrLQt "OW GQ=N TBU w xO=iDU= �n+1 = �n w �n+1 = �trn+1
x@U=Lt �� '28 |x]@=Q R= xO=iDU= =@ '2 |xrLQt \QW |Q=QkQ@ CQwY QO

"OwW
�n+1 = �trn+1 � |x]@=Q p}mWD w 25 w 24 \@=wQ ?}mQD =@ %4 |xrLQt
R= xO=iDU= =@ u}vJty "OwW|t u}}aD �n+1 Q=Okt E��sign(�trn+1 � �n)

"OwW|t GQ=N TBU w u}}aD �n+1 '26 |x]@=Q

OwOLt |=RH= |R=UpOt "3"2
|xar=]t |=Q@ u} Ro}=H VwQ u=wva x@ OwOLt |=RH= VwQ R= 'j}kLD u}= QO
|x}L=v u}}aD w Q}D |v=}t |x]kv u=tR ?ULQ@ |}=Hx@=H |=y|vLvt C=}} RH
R}v Q}D |SQv= |=yQ=Owtv 'u}= Q@ xwqa "OW Oy=wN xO=iDU= |OwyWO=B Q=DiQ O=ONQ
ANSYS/LS-DYNA Om "CU= xDiQo Q=Qk |@=} RQ= OQwt VwQ u}= |xr}Uw x@
'OwOLt |=RH= |vt[ Om l} 'CiQo Oy=wN Q=Qk xO=iDU= OQwt xar=]t u}= QO xm
Q}D "CU= |v=UWm Q}e C=Ot=H |m}t=v}O MU=B w nQR@ pmW Q}}eD R}r=v; |=Q@
\}=QW "CU= xOW |R=UpOt BEAM161 ẁv R= u=tr= 20 |xr}Uw x@ OwHwt
|}=yDv= w |}=OD@= |=yxQo xm CU= xOW ?=NDv= |}xvwo x@ xOW |R=UpOt Q}D |RQt
QO UZ w UY w UX |=y|}=Hx@=H xty u}=Q@=v@ 'OvW=@ Q=Ou}B \}=QW |=Q=O
|v=}t xQo Q@ x}rw= |=ywQ}v "Ov=xOW xDiQo Q_v QO QiY Q@=Q@ |y=ox}mD |=yxQo u}=
XNWt |xv}W}@ l} =D |v=}t |x]kv R}N xm OwW|t ?@U w OwW|t p=ta=
|UQQ@ OQwt Q}D Q=DiQ TBU w OyO|t MQ |Q=OQ@ Q=@ u; R= TB O@=} V}=Ri=
QO pt=m |Q}tN � |]N |v=UWm CQwY x@ =OD@= QO xO=t Q=DiQ "OQ}o|t Q=Qk
pOt R= '|oOvwWCNU C=QF= |x_Lqt |=Q@ xt=O= QO =t= "CU= xOW xDiQo Q_v
u}vJty w =y|OwQw C=}} RH "CU= xOW xO=iDU= |]N l}D=tv}U |oOvwWCNU
ANSYS/LS-DYNA |Q@ Q=m |=tvy=Q QO |RQt \}=QW w Q=@ p=ta= |ovwoJ

[21]"CU= xOW QmP

%R= CU= CQ=@a 'CU= �CU= xOW xO=O @f=@�
_"p = _�@f

@�
; @f
@�

= sign(� � �) (21)

|Q}tN s}rUD |xv=DU; QO uwJ 'OW=@ s}rUD VvD |Q=H Q=Okt �Y xJv=vJ
QO s}rUD VvD l} w VWm QO s}rUD VvD l} OwHw x@ xHwD =@ 'CU= j�j = �r
|wQ R= �Y |x@U=Lt |ovwoJ xm � 17|oOvwWCNU uwv=k |Q}oQ=m x@ =@ w Q=Wi

%CiQo xH}Dv u=wD|t '�OyO|t u=Wv =Q |Q}tN pmW Q}}eD
sign(� � �) _� = H 0j _"pj = H 0 _� (22)

%OwW|t xH}Dv 22 w 19 CqO=at R= xO=iDU= =@ w
_� = H 0 _�sign(� � �) (23)

|vLvt ?}W u=wva x@ u=wD|t CU= 18|Q}tN pwOt xm =Q H 0 QDt=Q=B '=Hu}= QO
"OQm Q}UiD VvQm |v=UWm |xir-wt uDW=OQ@ R= Oa@ 'VvQm � VvD

l}D=tv}U |oOvwWCNU |Q}oQ=m x@ sD} Qwor= "3"2"2
|xrO=at |W}=Ri= pmW '|}xv=}=Q |=yOm QO =yVvD j}kO |x@U=Lt |=Q@ xm =Hu; R=
|=Q@ R}v |OOa |Q}op=QoDv= sD} Qwor= l} CU= |QwQ[ =Pr CU}v |i=m u}O=}v@
=RHt |v=tR |=yxR=@ |wQ 'Cr=L hrDNt |=yQ}eDt |x@U=Lt |ovwoJ h}YwD
xm OwW|t ZQi 23 w 21 '16 |W}=Ri= CqO=at QO 'Qw_vt u}O@ "O@=} VQDUo
w OvW=@ XNWt �" w �n ' �n Q}O=kt ' t�[tn; tn+1] ?wr]t |v=tR xR=@ QO
Q_=vDt |xOW19xDUUo pmW =OD@= "OW=@ �n+1 w �n+1 |=yQDt=Q=B u}}aD 'hOy

%OwW|t G=QNDU= 23 w 21 '16 CqO=at =@
�n+1 = �trn+1 � E�"P ; �trn+1 = �n + E�" (24)

�"P = ��sign(�n+1 � �n+1) = ��sign(�trn+1 � �n) (25)

�n+1 = �n +H 0��sign(�trn+1 � �n+1) =

�n +H 0��sign(�trn+1 � �n) (26)

|v} Ro}=H R= 26 |xrO=at QO 'Ov=XNWt �n w �trn+1 QDt=Q=B wO Qy xm =Hu; R=
CQ=@a x@ "CU= xOW xO=iDU= sign(�n+1 � �n+1) = sign(�trn+1 � �n)

uDUv=O '�n+1 w �n+1 |=yQDt=Q=B u}@ hqDN= K}LY Ctqa u}}aD |=Q@ Qo}O
|v}@V}B R=i pw] QO xm CU= u}= u; |UOvy swyit "CU}v |QwQ[ =yv; Q}O=kt
|xOvvm K}LYD R=i pqN QO u}=Q@=v@ w CU= C@=F xv}tR VvD 20'|v=UWm |xOvvm
sD} Qwor=� =Q sD} Qwor= u}= ?@U u}ty x@ "OUQ|t |rY= VvD x@ 21|Q}tN
xDUUo |Q=oR=U \QW '18 |xrO=at x@ xHwD =@ u}vJty [20]"Ovt=v|t �22uO}UQ

%R= CU= CQ=@a
f(�n+1; �n+1; �Y 0) = j�n+1 � �n+1j � �Y 0 = 0 (27)

xO=iDU= =@ uwvm = "CU= s}rUD \=kv =D xv}tR VvD u}@ C@=F |xrY=i �Y 0 'u; QO xm
?} Q[ pL |=Q@ '26 w 25 '24 CqO=at R= |Q}oxQy@ =@ w xDUUo |Q=oR=U \QW R=

%OwW|t xO=iDU= 28 |x]@=Q R= �� xDUUo |Q}tN
�� =

j�trn+1 � �nj � �Y 0
E +H 0 > 0 (28)

j�trn+1��nj > �Y 0 \QW |xOvvm sy=Qi '�� > 0 |w=Ut=v |Q=QkQ@ u; QO xm
x@ 3 pmW QO xm xJu; j@=]t R}v w VN@ u}= \@=wQ |Q}oQ=m x@ =@ u}=Q@=v@ "CU=
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CUO x@ |]N |oOvwWCNU =@ |Q}tN � |v=UWm Q}D |OwyWO=B |x}L=v "9 pmW
"OwOLt |=RH= VwQ R= xOt;

EL@ w G}=Dv "3
u=tR � |}=Hx@=H |=y|vLvt "1"3

V}=Ri= xv}W}@ Q=Okt l} =D Q}D RmQt R}N =OD@= 'xOQDUo |}x@ Q[ Q=@ p=ta= QF= QO
TB "CU= xOW xv}W}@ R}N R= TB Q}D MU=B Q@ |}xS} w xHwD =Hv}= QO "Ovm|t =O}B

C=W=aDQ= x@ ẁQW Q}D 'xv}W}@ R}N R=
|=y|vLvt Q}UiD x@ u=wD|t 'CmQL R=i u}= R}r=v; |=Q@ "Ovm|t |]NQ}e
sD} Qwor= CLY |UQQ@ Qw_vt x@ w =OD@= QO "CN=OQB Q}D RmQt u=tR � |}=Hx@=H
pt=m |Q}tN � |]N |v=UWm Q=DiQ =@ Q}D RmQt u=tR � |}=Hx@=H |vLvt |O=yvW}B
"CU= xOW xO=O u=Wv 4 pmW QO QDt Q@ uDw}v 19200 xOQDUo |}x@ Q[ Q=@ |=Q@
Q=Owtv 'u}mQro VwQ w OwOLt |=RH= VwQ R= xOt; CUO x@ G}=Dv Q@ xwqa =Hu}= QO
u}= 'OwW|t x_Lqt xm u=vJ w CU= xOW s}UQD R}v [1]`HQt R= 2 pmW x@ \w@ Qt
QO|oOvwWCNU C=QF= |x_Lqt Qw_vt x@ "OvQ=O|@ wN Q=}U@ j@=]D Qo}Om} =@G}=Dv
xD}U}DUq= pwOt 0 1 Q@=Q@ xm |Dv=Sv=D pwOt R= xO=iDU= =@ =Hv}= QO '|OwyWO=B MU=B
|=y|vLvt "s}=xDN=OQB |}x@ Q[ xOQDUo Q=@CLD Q_v OQwt Q}D Q=DiQ |UQQ@ x@CU=
|=ypmW QO |]N |oOvwWCNU =@ |Q}tN � |v=UWm Q}D RmQt u=tR � |}=Hx@=H
CmQL |=Q=O Q}D '|}x@ Q[ |=yQ=@ lJwm Q}O=kt QO "CU= xOW xO=O u=Wv 9 =D 5
|v=UWm Q=DiQ Qov=Wv xm CU= pO=aD C}akwt pwL C@=F xvt=O =@ w s_vt |D=W=aDQ=
Ovm|t V=aDQ= s_vt=v Qw] x@ Q}D '|}x@ Q[ Q=@ Q=Okt V}=Ri= =@ "�5 pmW� CU= Q}D
'Ov=t|t C@=F u; R= TB w O@=}|t Vy=m swU pm}U QO 'u; C=W=aDQ= xvt=O w

|Q}tN � |v=UWm Q}D |v=}t |x]kv |}=Hx@=H |v=tR C=Q}}eD |vLvt "4 pmW
"(P = 19200N=m) xOQDUo |}x@ Q[ |wQ}v CLD 'pt=m

=@ |Q}tN � |v=UWm Q}D |v=}t |x]kv |}=Hx@=H |v=tR C=Q}}eD |vLvt "5 pmW
" (P = 8000N=m)xOQDUo |}x@ Q[ |wQ}v CLD '|]N |oOvwW CNU

76



2|
xQ=t

W'
34

�3
|xQ

wO'
�13

97
R}}=B

�h
}QW

l}
v=mt

|U
Ovyt

x@ |]N |oOvwWCNU =@ |Q}tN � |v=UWm Q}D |OwyWO=B |x}L=v "10 pmW
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|=yQ=Owtv |xar=]t "OyO|tv MQ |OwyWO=B Q=DiQ Cr=L u}= QO u}=Q@=v@ w OQ=Ov
|rN=O |=y|SQv= C@Uv '|OwyWO=B Q=DiQ ẁkw s=ovy QO xm OyO|t u=Wv |SQv=
xO=O u=Wv |=yQ=Owtv QO xm =Hv; R= um}r OQ=O Q=Qk |@U=vt xOwOLt QO |W@vH w
pmW x@ pmW l} R= =yv; p}O@D w OvDUy u=tR R= |a@=D '|SQv= |=yxir-wt 'xOW
R= TB |W@vH |SQv= xv}W}@ C=Q}}eD Q=Owtv 16 pmW QO "CU= xO}J}B Q=}U@ 'Qo}O
|}x@ Q[ Q=@ Q}O=kt x@ C@Uv 'pm |SQv= w |rN=O |SQv= Q_=vDt Q}O=kt w QFm =OL R}N
QO xm u=vJ "CU= xOW s}UQD '|]N |oOvwWCNU =@ |Q}tN � |v=UWm Q}D |=Q@
|SQv= R= |}xOta VN@ |xOvQ}oQ@ QO |rN=O |SQv= 'OQm xOy=Wt u=wD|t pmW u}=
Q=@ =@ |W@vH |SQv= C=Q}}eD |rw O=} R |}x@ Q[ Q=@ =@ |SQv= u}= C=Q}}eD w CU= pm
Q=DiQ xm Ci=} QO u=wD|t 16 pmW |=yQ=Owtv R= xO=iDU= =@ "CU= lOv= |}x@ Q[
MQ |}=yCmQL QO '|]N |oOvwWCNU =@ |Q}tN � |v=UWm Q}D |=Q@ |OwyWO=B
u}vJty w 1 23 =D 1 12 |xOwOLt wO QO ,=@} QkD =yv; |rN=O |SQv= xm O=O Oy=wN

"OW=@ xOW `k=w |W@vH |SQv= Q@=Q@ 2 42 =D 1 67

|Q}oxH}Dv "4
sD} Qwor= l} |x�=Q= =@ w u}mQro |O=yvW}B |OOa pOt |xaUwD =@ 'j}kLD u}= QO
|m}t=v}O Q=DiQ QO |oOvwWCNU C=QF= |xar=]t x@ Q=@ u}rw= |=Q@ O}OH |O=yvW}B
"CU= xOW xDN=OQB |}x@ Q[ Q=@ CLD Q=Ou}B |Q}tN � |v=UWm |=yQ}D |OwyWO=B
x@ R}v |y@=Wt |=yp}rLD 'u}mQro VwQ R= xO=iDU= Q@ xwqa 'xar=]t u}= s=Hv= |=Q@

=yCWwv=B
1. intuitive
2. counterintuitive

3. anomalous
4. elastic recovery solution
5. Galerkin's method
6. load intensity
7. central di�erence method

79



"""|
OwyW

O=B|
m}t

=v}O
Q=DiQ

|O
Oa

R}r=v
;

8. linear kinematic hardening
9. Young's modulus
10. tangential modulus
11. constitutive equation
12. translated yield function
13. back stress
14. consistency condition
15. magnitude of the plastic strain rate
16. plastic strain rate
17. hardening law
18. plastic modulus
19. discrete
20. elastic predictor phase
21. plastic corrector phase
22. catching up
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